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ABSTRACT. In this study, we solve the Cayley inclusion problem and the fixed point prob-
lem in real Hilbert space using Tseng’s technique with inertial extrapolation in order to
obtain more efficient results. We provide a strong convergence theorem to approximate
a common solution to the Cayley inclusion problem and the fixed point problem under
some appropriate assumptions. Finally, we present a numerical example that satisfies the
problem and shows the computational performance of our suggested technique.

1. Introduction

Let H be a real Hilbert space with the inner product (-,-) and induced norm
II-1]. A “Zero-Point Problem” (ZPP) for monotone operators is defined as follows:
find z* € H such that

(1.1) 0 € Ta*,

where T : H{ — H is a monotone operator. Several authors have focused on the
convergence of iterative methods in order to locate a zero-point for monotone oper-
ators in Hilbert spaces. Martinet [9] constructed the “Proximal Point Algorithm”
(PPA) to solve problem (1.1). The PPA is depicted as:

(1.2) Top1 = (T+ M) 'z, VYn>1,
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where I is the identity mapping, and {\,} is a sequence of positive real numbers.
After Martinet [9], several algorithms were developed to solve (ZPP). The reader
can see [10] - [14] and for more information, refer to the citations provided in this
article.

The “Monotone Inclusion Problem” (MIP) is to obtain 2* € H such that

(1.3) 0€ (D +M)z*

where © : H — X is a single-valued mapping and M : H = K is a multi-valued
mapping. The MIP (1.3) can be written as the ZPP (1.1) by setting T := D + M.

According to Lions and Mercier [6], the most common way to solve the problem
(1.3) is to use the forward-backwrad splitting method, defined as follows:

(1.4) Tpp1 = (T+ M) HI - D)z, VYn>1,

where z7 € H is arbitrarily chosen and A > 0. In algorithm (1.4), the operator
© is called a forward operator and M is called a backward operator. For more
details about the forward-backward splitting method used to solve the MIP (1.3),
the reader is directed to see [5, 7, 14].

Polyak [11] introduced the inertial extrapolation method to speed up the rate
of convergence of the iteration. This is sometimes called the heavy ball method.
Many scholars have exploited this notion to combine algorithms with inertial terms
to speed up the rate of convergence.

In 2015, Lorenz and Pock [7] studied the MIP (1.3) and proposed the inertial
forward-backward algorithm for monotone operators, which combines the heavy ball
method and forward-backward method. The algorithm is defined as:

(1.5) { Wn = Tn + On(Tn — Tn—1)

Tpi1 = (I+2M)"HI - \D)w,, Vn>1,

where xg,z; € H are arbitrarily chosen, and ® : H — H and M : H = H are
single and multi-valued mappings, respectively. The sequence {x,} generated by
algorithm (1.5) converges weakly to a solution of MIP (1.3) with some suitable
assumptions.

There are many ways to solve the MIP other than using an algorithm combined
with the heavy ball idea. Tseng [15] introduced the modified forward-backward
splitting method, a powerful iterative method for solving the monotone inclusion
problem (1.3). In short, it is known as Tseng’s splitting algorithm. Let C be a
closed and convex subset of a real Hilbert space H. Tseng’s splitting algorithm is
defined as:

(L6) { yn = (T+ 220" H(I — Aa D)

Tn+l = 9)C'(yn - )\n(gyn - an))7 Vn > 1;

where 71 € 3 is arbitrarily chosen, \,, is chosen to be the largest A € {8, 41,812, ..}
satisfying || Dy, — Dy || < pl|xn — yn|| where § > 0,1 € (0,1), 1 € (0,1) and P is
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the projection onto a closed convex subset C of H.

Kitkaun and Kumam [5] combined the forward -backward splitting method with
the viscosity approximation method for solving MIP (1.3). It is called the inertial
viscosity forward-backward splitting algorithm, which is defined as:

(1 7) Wy = Ty + an(xn - xn—l)
: Tna1 = andf(xn) + (1 — an) (I = AM)"HI = X\D)w,, Vn>1,

where xg,x1 € H are arbitrarily chosen, f : H — R is a differentiable function such
that its gradient 0 f is a contraction with constant p € (0,1) and © : H — H and
M : H = H are an inverse strongly monotone and a maximal monotone operator,
respectively. The sequence generated by the algorirthm (1.7) converges strongly to
a solution of MIP (1.3) under suitable conditions.

Now we define a new type of monotone inclusion problem known as “Cayley’s
Inclusion Problem” (CIP). Find z* € H such that

(1.8) 0 € (e + M)z

where M : H = H is a multi-valued maximal monotone mapping, Qaft = 23?[ —T1is
the single valued mapping and known as “Cayley operator” and Jg\v[ = (I+ M)t
is the “resolvent operator” associated with maximal monotone mapping M with
A > 0. The solution set of CIP is denoted as:

Q:={rcH:0ec N (z)+M)}

Let S : H — H be a nonexpansive mapping. A fixed point of S is a point x € H
such that

(1.9) S(x) =x.
The set of all fixed point of S is denoted by Fix(S)={z € H: S(z) = z}.

The objective of this article is to propose an algorithm consisting of Tseng’s
technique with inertial extrapolation and applying the viscosity iterative method
in order to obtain the common solution of CIP and Fix(S) in the framework of
real Hilbert space. Moreover, we show that the sequences generated by the algo-
rithm are strongly convergent to the point in the solution set ¥ := Q N Fix(S). In
particular, we give numerical illustrations of the algorithm.

2. Mathematical Preliminaries

Let H be a real Hilbert space and C be a nonempty closed convex subset of H.
The weak convergence of {x,}°2 ; to x is denoted by z,, — x as n — oo, while the
strong convergence of {z,}5%; to x is written as x,, — = as n — co. Now assume
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that x, y, z € 3 the following relations are valid for inner product spaces,

(2.1) lz+yl* < llzl* + 2(y, = + y),
(2.2) oz 4+ (1 — a)yl? = allzll* + (1 — a)[ly)* — a(l — )|z — y|?,
(2.3) lax + By + 2> = allz|® + BllylI* + 7=

—afllz -yl — aylle — z[|* = Bylly — 2|

for any «, 8,7 € [0,1] such that a+ g+~ = 1.
The following definitions are required to obtain the desired results.

Definition 2.1. Let ® : H{ — H be a single-valued mapping, then it is said to be
(i) nonexpansive if for all z,y € K,

[9(x) =2 < llz -yl
(ii) firmly nonexpansive if for all z,y € H,
1D(z) = D)|* < (Do — Dy, z ),
(iii) L-Lipschitz continuous if for all z,y € H, there exists L > 0 such that
[9(x) =Dyl < Lllx - yll,
(iv) a-strongly monotone if for all z,y € H, there exists a constant o > 0 such that
(D(z) = D(y),z —y) = allz -y,

(v) p- inverse strongly monotone if for all z,y € H, there exists a constant u > 0
such that

(D(z) —D(y),x —y) > pl|D(z) — D()|>

Definition 2.2. Let M : H = H be a multi-valued mapping, then it is said to be
(i) monotone if for all x,y € H,u € M(x),v € M(y) such that

(r—y,u—v) 20,

(i) strongly monotone if for all z,y € H,u € M(z),v € M(y), there exist § > 0
such that

<J) —Yyu-— ’l)> > 9”1} - y||25

(iii) mazimal monotone if M is monotone and (I+AM)(H)=H for all A > 0, where
I is the identity mapping on H.
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Definition 2.3 Let M : H = H be a multi-valued mapping, then the resolvent
operator associated with M is defined as:

M (z) = [1T+ M), Vr € K.
Here A > 0 and I is the identity mapping.

Remark 2.3. The resolvent operator 31‘/[ has the following properties:
(i) it is single-valued and nonexpansive, i.e.,

133 () = R W < lle =y, Va,y € I,
(ii) it is 1-inverse strongly monotone, i.e,
133 (2) = X W) < (2 — 5,33 (2) = I (), Yo,y € .

Definition 2.4. Let M : H = H be a multi-valued mapping and 3% be the
resolvent operator associated with M, then the Cayley operator Qﬁf\w is defined as:

(2.4) QY x) = [233(z) — I],Vz € K.

Remark 2.5. Using Remark 2.3.(i), it can be easily seen that the Cayley operator
@4 is 3-Lipschitz continuous. Now, for the sake of convenience we shall denote Cﬁ’t
by € throughout the paper.

Lemma 2.6. Let M : H = H be a maximal monotone mapping and B : H — H
be a Lipschitz continuous mapping. Then a mapping B+ M : H = H is a mazimal
monotone mapping.

Lemma 2.7. Let M : H = H be a set-valued mazximal monotone mapping and
A > 0. Then the following statements hold:

1. 3 is a single-valued and firmly nonexpansive mapping;
2. Fiz(3Y)=M~1(0);
3 Jlz =3 <2l — Y, 0 < A<,V € I
4. (T =3 is firmly nonexapansive mapping;
5. Suppose that M~1(0) # ¢. Then
13 (z) — 2[12 < ||z — 2|12 = |3Y(z) — 2||* for all x € H and z € M~1(0)

and
(x —3?‘,3?’[ —2)>0 forall x€3 and z € M~1(0).
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Lemma 2.8.([16])Let {an} and {c,} be nonnegative sequences of real numbers
such that Y07 ¢, < 0o, and let {b,} be a sequence of real numbers such that
lim sup,, o bn < 0.If there exists ng € N such that,for any n > ny,

Ap+41 S (]- - an)an + anbn + Cn,

where {a,} is a sequence in (0,1) such that Z:;o ay, = 00, then lim,, o ap = 0.

Lemma 2.9.([4]) Let C be a closed convex subset of H and S : C — C a nonezxa-
pansive mapping with Fix(S) # ¢. If there exists {x,} in C satisfying x, — z and
||zn — Sxyn|| — 0, then z = Sz.

Lemma 2.10.([8]) Let {yn} is a sequence of real numbers. Suppose that there is

subsequence {Vn, }j>0 of {yn} satisfying yn, < yn;41 for each j > 0. Let {¢(n)}n>n=
be a sequence of integers defined by

(2.5) ¢(n) ;== max{k <n:y < Yiy1}

Then {¢(n)}n>n+ is a nondecreasing with lim, o ¢(n) = co. Moreover, for each
n > n*, we have Yom)y < Ypm)+1 A Yn < Y(n)+1-

3. Main Result

In this section, we present an inertial Tseng type algorithm for solving our
problem. For the convergence analysis of the proposed method, we consider the
following assumptions in order to accomplish our goal.

Assumption 1. K is a real Hilbert space, € : H — H is L-Lipschitz continuous
and monotone, and M : H = H is a maximal monotone operator.
Assumption 2. ¥ := QN F(S) is nonempty.

Assumption 3. {0,} C [0,0),{5,} C (6*,8) C (0,1 — «,) for some § > 0,5* >
0,8 >0, and {a,} C (0,1) satisfies lim, oo @, = 0 and > 7 | v, = oo0.

Assumption 4. f:H — H is a p-contractive mapping.
Next the algorithm is presented.
Lemma 3.1. Assume that Assumptions 1 — 4 hold, then any sequence {\,} in

Algorithm is nonincreasing and converges to X such that min{A;, £} <A

Proof. See [17, Lemma 3.1]. O
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Algorithm 3.2. Inertial-viscosity Tseng type algorithm

Initialization: Given A\ > 0 and p € (0,1). Select arbitrary elements xg,z; € H
and set n := 1.

Iterative Steps: Construct {z,} by using the following steps:

Step 1. Set

Wy, = Tp + en(xn - xn—l)
and compute,
Y = AT — A @)wy,.

If w,, = y,, then stop and w,, € . Otherwise
Step 2. Compute

Zn = Yn — )\n(Q:yn - Q:wn)

and
Step 3. Compute

Tn+1 = anf(xn) + (1 — Op — ﬁn)xn + an(fzn)
and update,
3 ”wn_ n“ : .
st = mm{ﬂil\ﬁwnféyn\l , )\n} if Cw, # Cy,;
n otherwise.

Replace n by n + 1 and then repeat Stepl.

Lemma 3.3. Let g € . As given in the algorithm together with all four Assump-
tions, the following inequalities are true.

/\2

(3.1) 12 — ql* < [Jwn — gl - (1 — 2 > [wn — ynll®
n+1

and

(3.2) 120 — ynll < p . lwn — ynll-

)\n+1
Proof. In the same manner as [3, Lemma 6], we obtain that inequalities (3.1) and
(3.2) hold. O

Lemma 3.4. Suppose that lim, o ||[w, — yn|| = 0.If there exists a weakly conver-
gent subsequences {wy,} of {wy}, then under Assumptions 1 — 4, we have that the
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limit of {wn;} belongs to X.
Proof The proof is similar to the proof of [3, Lemma7].
With the above results we are now ready for the main convergence theorem.

Theorem 3.5. Suppose that lim,, s, z—"Hxn —Zp_1|| =0, then under Assumptions
1-4, we have x, — q as n — oo, where ¢ = Ps o f(q).

Proof. For the sake of simplicity, we divide the proof into four claims.

Claim 1. {z,} is bounded sequence.

n+1

We observe from (3.1) that lim,,_ (1 — p? )\2"21 > =1—-pu%2>0. Let ¢ € ¥ and

indeed, thanks to Lemma (3.2), we get
(3.3) 20 = ¢l < lwn —¢'|l-
Also, from the definition of {y,} and nonexansiveness of 3%, we have

Iy — @'l < IRA(T = M@ wp — ¢
(3.4) < Nlwn = ¢'||

0
By the sequence {—-||z,, — z,_1||} converges to 0, we have that there exists a con-
a

stant My such that,nfor alln e N|

0

i”xn - xnflu § M1~
Qo
From the definition of w, and (3.3), we obtain
|20 — q/” < |lwn — q/” = [|[2n + On(zn — 20 1)
<z = ¢l + Onllzn — 0l
<@y — q/” + inn — Tp-1|lon
an

(3.5) < len = ¢l + an M.

By Assumption 4, nonexpansiveness of S and using (3.10), the following relation is
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obtained:

|n+1 — ¢l = llon f(xn) + (1 — an — Bn)Tn + BnS(2n) — q/H
<Ml (flzn) = ¢') + (1 = an = Bn)(@n — ') + Bn(Szn — ¢
S gl f(zn) = 'l + (1= an = B)llzn — ¢l + Bal|Szn — ¢
<anlf(zn) = 'l + (1 = an = Bo)llzn — ¢l + Bullzn — ¢
< apllf(zn) = F(@) + anl f(@) =4l + A = an)llzn — || + anfn M
<[ —an(l=p)lllen — 'l + an(llf(¢') — d'll + M)
If(d") = d'l + My
I—p

= [1 —an(l— p)]Hmn - qu + an(1—p)

f(q') — ¢ M
SmaX{HXn_X,H (q) Cl||+ 1}

I—p

f(a') = o'll + M
gm%mlﬂwm>qml}

L—p

f(d)-d||+M
<m%m_wnmlq+l}
—p

This leads to a conclusion that [|z,+1 — ¢'|| < max{|/xo — x|, W}. Con-

sequently, the sequence {z,} is bounded. In addition, {f(z,)} is also bounded.
Since ¥ is closed and convex set, Ps; o f is a p— contractive mapping. Now, we can
uniquely find ¢ € 3 with ¢ = Ps o f(¢) duq’ to the Banach fixed point theorem. We
also get, that for any ¢’ € X,

(fl@) —a.4 —q) <0.
Now, for each n € N, set v, := ||z, — ¢||*.
Claim 2. There is My > 0 such that
Ba(L = an = Bu) |0 — Szall* < vn = A1 + an(|| f(20) — all* + Mo).
Applying (3.5), we have

20 = qll* < (lzn — gll + anMy)?
=Yn + an(2Mi||zn — gl + O‘anz)
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for some My > 0. It follows from the assumption on f, (2.3) and (3.6) that

Vi1 = llan(f(@n) — q) + (1 — an — Bn)(@n — @) + Bn(Szn — )|

= anllf(@n) = qll* + (1 = en = Bu)yn + BullSzn — 4ll* = an(l = an = Ba)[f(2n) — zal

= Bl = an = Ba)llzn — Szal® — anfBullf(n) — Sznll”

< anllf(@n) = al* + (1 = an = Bu)vn + Ballza — all* = Ba(1 — an — Bu)l|zn — Sznl|?
< anl[f(@n) = ql* + (1 = an)yn + @nfBuMo — Bu(l — an — Bu) |20 — Sza®

< v+ an(|[f(@n) = all* + Mo) = Bu(l = an = Bn)l|lzn — Szl

Therefore, Claim 2 is obtained

Claim 3. There is M > 0 such that

3M 0
Yn+1 < [1 = an(l = p)|vn + an(l—p) 11—, aillwn - a:n_1||]
2M 2
(3.7) + an(1—p) T p\lxn — Sz + T p<f(q) —q, Tnt1 — @}

Indeed, setting ¢, := (1 — By)xn + BrSzn. From inequality (3.3), nonexpansiveness
of S, and the definition of w,, we get

[tn —all < (1 = Bn)llzn — gl + BullSzn — 4l
< (1= Bu)llzn —qll + Bullzn — 4l
< (1 =Bu)llzn —all + Bullwn — 4|
(3'8) < Hxn - QH =+ Bngn”xn - zn—l”
and

(3.9) |Zn — toll = Ballzn — Sznll.
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Hence, from the assumption on f, and (3.1), (3.8), and (3.9), we obtain,
Y1 = (1= an)(tn — @) + an(f(@n) = F(@) = an(@n — ta) — an(q — f(g)|?
< (1 = @n)(tn — 0) + @n(F@n) = F@O)I? = 200 (@0 — tn +q — £(2), Tns1 — a)
< (1= an)lt — al* + anll £ (2n) = F@I + 200 tn — 20, 2ns1 — 0)
+ 20 (f(q) — ¢, Tn+1 — q)
< (1= an)(l&n — gl + Bubnl|zn — Tn—1))* + anp®||zn — g|®
+ 20m||tn — zallllzns1 — gll + 2an(f (@) — ¢, Tns1 — @)

f —
f —

x
x

< (1 —an)¥n + 20|20 — gllllzn — Tn-1l + 9721”%1 - zn—IHQ + anpyn
+ 20 Bnl|wn — Sznll|lznt1 — qll + +20n(f(q) — ¢, Tnt1 — q)

S —an(=p)lm + Onllzn = 201 l|2llen — 2| + Onllzn — zn-1ll)
+ 2anBnlzn — Sznlll|zntr — qll + 20 (f(q) — ¢, Tns1 — @)

<1 —an(l = p))yn +3MOy||xn — Tn—1|| + 2ManBu||Tn — Sznl|

+ 20 (f(q) = ¢; Tnt1 — q)

3M 0

<l = anll= et an(l = )| 225 2 o - ]

2M
tan(l-p)|q

o = Saull + T2 07(@) = s — 0|

for M := sup,en{l|zn — ql,0||zn — zn—1||} > 0. Recall that our task is to show
that x,, — p which is now equivalent to show that v, — 0 as n — oo.

Claim 4. v, — 0 as n — oo.

Consider the following two cases:

Case (i). We can find N € N satisfying y,+1 < 7y, for each n > N.

Since each term -y, is nonnegative, it is convergent. Due to the fact that
lim,, o, @, = 0 and lim,,—, B, € (0,1), and by Claim 2,

(3.10) lim ||z, —Sz,|| =0
n—oo
Indeed, we immediately get
(3.11) lim ||z, — 6, = lim —||z, — Tp_1]jan, =0
n—o00 n—00 Uy,
In addition, from the definition of z, and by using the triangle inequlity, we obtained
the following inequalities:

20 — wall = |20 — T + T5 — w4

< lzn = @pl| + |20 — wy]|
and

”wn - ynH < lwn — Zn” + ||Zn - ynH
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It follows from inequality (3.2) that

An
(= py——)llwn = ynll < llzn = 2all + [lon — wnl|
n+1

An
>\n+l

since lim, oo[1 — (1 — p 2] =1-pu? >0, (3.10) and (3.11),

(3.12) nlgr;o llwn — ynll = 0.
Note that, for each n € N

[Zn+1 — @all < l2ns1 — 20l + 20 — 2nll
(3.13) < an f(zn) = znll + (2 = Ba)llzn — zal|-
Consequently, since lim,,_,oc @, = 0 and by (3.13), lim, 00 ||Zn4+1 — Znl| = 0. Next
observe that, for the reason that {z,} is bounded, there is z € 3 so that z,, — z

for some subsequence {z, } of {x,}. Then Lemma 3.3 together with (3.12) implies
that z € ¥. As a result, by the definition of g, it is straightforward to show that

limsup(f(q) — ¢,zn — q) = lim (f(q) — ¢, 7n, —q) = (f(¢) —¢,2 —q) <0.

n—o00 k—o0

Since limy, o0 ||Zn+1 — Zn|| = 0, the following result obtained:

limsup(f(q) — ¢, Zn+1 — q) < limsup(f(q) — ¢, Tnt1 — ) + limsup(f(q) — ¢, xn — q)
n—oo

n— oo n— oo

<0.

Applying Lemma 2.8. to the inequality from Claim 3, we can conclude that

Case (ii). We can find n; € N satisfying n; > j and v,; < 5,41 for all j € N.
According to Lemma 2.10., the inequality vg(n) < Yg(n)+1 is obtained, where
¢ : N — N is defined by (2.5). This implies, by Claim 2, that

Bon) (1 = @(m) = Bom)) 1 Tom) — Szg(m |1
< Yo(m) = Yont1) + Q) (1F (@) — all” + Mo).

Similar to case (i), since a,, — 0 as n — 0o, we obtain

lim,, oo ||.’L‘¢(n) — Zg(n) || =0.

Furthermore, an argument similar in case (i) shows that

(3.14) lim sup(f(q) — ¢, Tpmy+1 —q) < 0.

n—oo



Accelerated Tsengs Technique to Solve Cayley Inclusion Problem in Hilbert Spaces 685

Finally, from the inquality v4(n) < Vg(n)4+1 and by Claim 3, we obtain

3M Oy
Yomy+1 < [1 = gy (1 = p)Vgn) + @gm)(1 = p) 1=, () Zg(n) — x¢(n)—1||:|
P CQg(n)
M 2
tagm(=p) |7 pH%(n) — Szgmyll + fp<f(Q) — 4, T(n)+1 — Q) |-

Some simple calculations yield

<L Dot I+
ry n =7 " € n - n)—
B ST gy e~ Tetm—tll+

[z (n) = Szg(n)]

2
+ 1fp(f((l) — 4, T(n)+1 — 4)-
From this it follows that limsup,, ., Y¢n)+1 < 0. Thus, lim, 00 Ygn)+1 = 0. In
addition by Lemma (2.5),

i 7 <l 20721 =0

Hence, z,, converges strongly to ¢q. This proves our theorem. O

4. Numerical Illustration

Example 4.1. Let H = R, the set of real numbers and f : R — R be contraction
mapping and M : R = R be a set-valued map. Let f(z) = {5 and M={%} Vz € R,
then we calculate resolvent operator ' and Cayley operator €3 for A =1 as

5T

Nz) =T+ M) (z) = &

Q) = 2R @)~ 1 = 5

letS:R%RbedeﬁnedasS(m):xandan:%,Bn:i,)\n: L and

_ 1
On = v

All the assumptions of Theorem 3.1 are satisfied and algorithm 3.1 reduces to

Wy = Ty, + an(zn - zn—l)
Yn = 3%5 (I — M@ wy,
1 2n — 3 1
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values

Figure 1: x, converges to ¢ = 0 for different initial values of zg and x;

The iterative sequence {z,,} generated in the above algorithm is converges strongly
to g =0.

All of the codes have been developed in MATLAB R2021a for simplicity. We've
tried for different initial points ¢ = z; = 1,3.5,5.0, and found that the sequence
{z,} converges to the solution of the problem in each case. Graph of convergence
is depicted in the fig.1.

5. Conclusion

We conclude that by combining the Tseng’s technique with inertial extrapola-
tion, the algorithm generated for Cayley inclusion problem and fixed point problem
is feasible and converges to some point in the solution set ¥ of our problem in the
framework of real Hilbert space. The numerical illustration ensures that the rate
of converges of the suggested algorithm is effective and faster as compare it to the
previously known algorithms in [2].
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