KYUNGPOOK Math. J. 59(2019), 301-314
https://doi.org/10.5666 /KMJ.2019.59.2.301
pISSN 1225-6951  eISSN 0454-8124
© Kyungpook Mathematical Journal

Pascal Distribution Series Connected with Certain Subclasses
of Univalent Functions

SHEEZA M. EL-DEEB*

Department of Mathematics, Faculty of Science, Damietta University, New Dami-
etta 34517, Eqypt

e-mail : shezaeldeeb@yahoo.com

TEODOR BULBOACA

Faculty of Mathematics and Computer Science, Babes-Bolyai University, 400084
Cluj-Napoca, Romania

e-masl : bulboaca@math.ubbcluj.ro

JACEK DzIok

Faculty of Mathematics and Natural Sciences, University of Rzeszow, 35-310 Rzes-
zow, Poland

e-mail : jdziok@ur.edu.pl

ABSTRACT. The aim of this article is to make a connection between the Pascal distri-
bution series and some subclasses of normalized analytic functions whose coefficients are
probabilities of the Pascal distribution. For these functions, for linear combinations of
these functions and their derivatives, for operators defined by convolution products, and
for the Alexander-type integral operator, we find simple sufficient conditions such that
these mapping belong to a general class of functions defined and studied by Goodman,
Rgnning, and Bharati et al.

1. Introduction

Let A denote the class of analytic functions of the form

(1.1) f(z):z—l—Zanz", zeU:={2€C: |z <1},
n=2
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and let 8 be the subclass of A consisting of functions f € A that are univalent in
U.
Furthermore, for g € A given by

g9(2) :z—l—anz", 2eU
n=2
the Hadamard (or convolution) product of the functions f and g is given by (see [5])
(f*9)(z) =2+ anbnz", z € U.
n=2

If f and g are analytic functions in U, we say that f is subordinate to g, written
f(2) < g(2), if there exists a Schwarz function w, which is analytic in U with w(0) =
0 and |w(z)|] < 1 for all z € U, such that f(z) = g(w(z)), z € U. Furthermore, if
the function g is univalent in U, then we have the following equivalence (see [3] and
[13]):

f(z) <9(2) & f(0) = g(0) and f(U) C g(U).

Goodman in [6, 7], Rgnning in [15, 16], and Bharati et al. in [2] introduced and

studied the following subclasses:

(i) A function f € A is said to be in the class k — 8,(8) of k-uniformly starlike
functions of order B if it satisfies the condition

zf'(2) zf'(2)
2 e (55 1)
where 0 < 8 <1 and k > 0.

(ii) A function f € A is said to be in the class k — UCV(S) of k-uniformly convex
functions of order B if it satisfies the condition

()R

where 0 < 8 < 1 and k > 0.

-1

—B)>k , 2z€ U,

, 2z €1,

It follows from (1.2) and (1.3) that for a function f € A we have the equivalence
fek-UCV(B) & 2f'(z) €k —8,(B).
For § = 0 the classes k— UCV(B) and k — §,,(8) reduce to the classes k— UCV and

k—8,, respectively, that have been introduced and studied by Kanas and Wisniowska
(10, 11].

Definition 1.1.([18]) For -1 < A < B <1 and 0| < g, a function f € A is said
to be in the class £L(A, B, 0) if it satisfies the subordination condition

1+ Az

14+ Bz

el (z) < cosf +isin6.
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Using the definition of the subordination, a function f € A belongs to the class
L(A, B,0) if and only if there exists an analytic function w, satisfying w(0) = 0 and
|w(z)| < 1 for all z € U, such that

14 Aw(z)

'f(z) = 1+ Bw(z)

cosf +isinf, z € U,

or equivalently

‘ < (f(2) — 1) <1, z€U.

Bei? f/(z) — [Be® + (A — B) cos 0] ‘

We note that for suitable choices of A, B and 6 we obtain the following subclasses
defined and studied by different authors:

(i) £L(2a—1,1,0) =: L (6;a) (O <a<l, |0 < g) (see Kanas and Srivastava

[9);

(ii) £L(B2a—1),8,0)=R(B;a) (0< B <1, 0<a< 1) (see Juneja and Mogra
[8]);

(iii) £ (B(2a—1),5,0) =D (B) (0 < 8 <1) (see Caplinger and Causey [4]);

(iv) £(A+ (B —A)a,B,0) = L (A, B,0;a) (-1<A<B<1, 0] < g 0<a<

1) (see Aouf [1]).

A variable z is said to have the Pascal distribution if it takes the values 0, 1,

2, 3, ... with the probabilities (1 —q)", qr(lqu)T’ q2r(r+;!)(1_qy, qST(TH)(g?‘Q)(l_q)T,
..., respectively, where ¢, r are called the parameters, and thus
k -1
P(X =k)= ( tr ) )qk(l—q)r, ke{0,1,2,3,...}.
r—

Now we introduced a power series whose coefficients are probabilities of the Pascal
distribution, that is

(14) Qi) =2+ (

Note that, by using ratio test we deduce that the radius of convergence of the above
power series is infinity.
We will define the functions

Pa(z) = (1= N)Qh(2) + Xz (Q(2))
(1.5) =2+ (” ‘:i | 2) 1+ An—1)]g"" (1 —q) 2", z €,
n=2

(r>1,0<qg<1,A>0)

n+r—2

1 )q"_l(l—q)rz", zelU (r>1,0<¢<1).
r—
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and

My, (2) = (1= A+7)Qh(2) + (A=) 2 (Q1(2)) + Xv2? (Q1(2))”

(1.6) _Z+Z (n—i—r ) 1+ (n—1D\=y+n\)]¢" 11 -q)"2", 2 €T,
(r21, 0<g<1,A\y>0),

and we introduce the linear operator Py : A — A defined by

(L7) Ph(f)(2) = Q)+ fl2) =2+ Y (njr - 2>qn_1(1 ) an, 2 e,
(r>1,0<q<1).

In the present paper we established some sufficient conditions for the Pascal
distribution series and other related series to be in some subclasses of analytic
functions. Also, we studied similar properties for an integral transform related to
this series.

2. Preliminaries

Unless otherwise mentioned, we assume that —1 < A< B <1, |0] < g, r>1,
0<g<1,A,v>0and A > ~. To prove our results we need the following lemmas.

Lemma 2.1.([1, Theorem 4 for p = 1 and « = 0]) If the function f € A is of the
form (1.1) and

> n(1+|B|)lan| < (B — A)cos,

n=2
then f € L(A, B,0).

Lemma 2.2.([1, Theorem 1 for p = 1 and « = 0]) If the function f € L(A, B,0) is
of the form (1.1), then
(B— A)cosb
‘an‘ <
n

for every n > 2. The estimate is sharp.

Lemma 2.3.[10, Theorem 3.3] If f € A, and for some k (0 < k < 00) the following
inequality holds

oo

1
Zn(n—lﬂan\_ Y

n=2

cannot be increased.

then f € k—UCV. The number -
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Lemma 2.4.([17, Theorem 2.1]) If the function f € A is of the form (1.1) and

Do (k) = (k+B)|an| <1-5,

n=2

then f € k—8,(5)

3. Main Results

Theorem 3.1. A sufficient condition for the function Qj given by (1.4) to be in
the class L(A, B, 0) is

qr C—gqr+1< (B— A)cosb

3.1 (B 4)cosb
3.1) l1—q - 1+|B]

Proof. To prove that Q) € L£(A, B,0), according to Lemma 2.1 it is sufficient to
show that

= (n+r—2 e i,
> < o )n(l +B))lgl" "1 - | < (B - A)cost.
n=2

In the proofs of all our results we will use the relation

(n+r—1 1
n = 0<q¢g<1
Z( r-1 )q g =1

n=0

and the corresponding ones obtained by replacing the value of r with r — 1, r 4+ 1,
and r + 2.

Thus, from the definition relation (1.4) combined with the assumption (3.1) we
get

;_032 ("7 na B - gy
— (1B - ay i(”* Y- "1+z("jj;)n—1]
S

= (L+[B)(1 -y qrz(””) (”jﬁ;l)q"]

= (1+1B)(1—9) _qrz (“) <n+izl>q”—1]

(1- q)r] < (B — A)cosb,

— (1) | {2
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and from Lemma 2.1 it follows that Q; € L(A, B, 0). O

Theorem 3.2. A sufficient condition for the function Ny \ defined by (1.5) to be

in the class L(A, B,0) is

Ag2r(r+1)
(1—¢q)?

Proof. From Lemma 2.1, to prove that Nj y € L(A, B,0) it is sufficient to show
that

(B— A)cosb
1+ |B|

(14 2\)gr

(3.2) —

+1-(1—-¢q)" +

<

3) 30 ("7 ) bt B 1+ A= D] a1 gl < (8 Ayeost.

n=2

Thus,

Z (n :—i I 2) [n(1+|B)][1+ An—1)) qn—l(l gy

=_(1 +IB)(1 —q) Liz (n ji R 2) (1+2))(n—1)¢" ™"
+§; <n :i N 2) ¢+ i (” ;Lj | 2)/\(n —1)(n— 2)q"_1]
=(1+]B)A-q) iqr(l +2)) <” +: - 2>q”2

> /n+r—2 1 200 n+r—2 _3
n o — Ng"
+n§_32< " )q g ;_:3( . ><n 1)(n - 2)q
> /n+r > /n+r—1
1+ 2A " "1
(1+ )qr§<r>q+§(r_1 >q

=1+ [B)(T—-q)

=0 ]
BN

=1+[BhA-q)" [(1 —|—2)\)qr(1 _;)Tﬂ + _1q)r .
AT (r + 1)(1;)”2}

According to (3.2), from the above identity we conclude it follows that the inequality
(3.3) holds, and therefore Ny | € L(4, B,0). O
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Theorem 3.3. A sufficient condition for the function My Ay given by (1.6) to be
in the class L(A, B,0) is

(T4+2\ =2y +4\y)gr (A=~ +5\) ¢r(r+1)

+1-(1-q) +

1—g¢q (1-9q)?
M@r(r+1)(r+2) _ (B— A)cosf
) T—0° = 1417

Proof. To prove that My , € L(A, B,0), from Lemma 2.1 it is sufficient to show
that

S (" TI T a BD 1 - DO+ ] g
(3.5) < (B — A)cosb.

From (3.4) it follows that

S ("TITE)aaB B - DO - g

n=2

=1+B)1-q" > <n+r12>(1+2>\—2'y+4>\7)(n— )"t

n=2 -

* i (n ji | Q)Q"‘l + nff (n f: 2) (A =7 +5M)(n = 1)(n—2)¢" "
+ i (n :i R 2) My(n—1)(n —2)(n - 3)q"‘1]

=14+ |B)1-q) [qu +2X — 2y +4)y )(n+:_2>qn_2

n=2

= (n+r—2 e > n+r—2 .
£ (e e s (" T - 2
n=2 n=3
= n+r—2\ ,_
+Z/\vq3( . >q 4<n1><n2><n3>]
n=4
— (n+
(I+2x— 27—1—4)\7)(]7'2 (n 7n>q"
n=0 "
oo _ oo 1
+Z<n+r1 ) — 14+ A=y +5 )¢ (r+1) Z(n—i—r—i— ) "
r—
n=0 n=0

- 2
AP+ 1)(r+2) ) (”“”r > "]
=0

=1+ [B)(1—-9q)
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1 1
=(1+|B 1—qT[1+2/\—2 + 4\y) gr + -1
(1+BI)( )" ( v 7) 1—q+ " (I—gqr
1 1
- 2 3 _
+(A=7+5\)¢q T(T+1)(1_q)r+2 + Mg r(r+1)(r+2)(1_q)r+3}
14+2X -2 4\
— (1)) | RS RERIE gy
_ 2 3
(A 7—&—5)\7)(127”(7”4—1) N Mg r(r+1)§r+2)} < (B - A)cosh,
(1-q) (1-4q)
that is (3.5) holds, hence M7 , . € £(4, B,9). O
Theorem 3.4.
(i) If the condition
2
gr(r+1)  3qr » _ (B—A)cosb
3.6 1—(1-— < —
(30 (g2 T1og U=

holds, then the operator Py defined by (1.7) maps the class 8* to the class
L (A, B,0), that is Py, (8*) C L (A, B,0).

(i4) If the condition (3.1) is satisfied, then the operator Pj maps the class K to
the class L(A, B,0), that is Py (X) C L(A, B,0).

Proof. According to Lemma 2.1, to prove that Py (f) € £(A, B,0) it is sufficient to
show that

o~ (n+r—2 e ;
(3.7) Z( T )n(l+|B)|q| 1|1_(1| lan| < (B — A)cosé.
n=2

(i) If f € 8* has the form (1.1), then the well-known inequality |a,| < n holds
for all n > 2 (see [12] and [14]), and using (3.6) we obtain that

r—1

2 (” o 2)n<1 + 1B (1= )" Jan|

> (n+r—2 n_ .
<Z< r_1 >n2(1+|Bl)q '1-9)
n=2

— (L4 1B -0y [Z ("7 - 2

= (n+r—2 e (n+r—2\
DS N TS o] (i Pl
n=2

n=2
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=1 +[B))(1—-q)"

s .
+3qn§::2 (n ji; )(n —1)¢" % + i (n :i R 2) q"ll

— (1+[B)(1 -y q2r(r+1)7§<"jﬁl>qn+3qr§(":T>q”
o~ (n+r—1 n
()]
_ v @r(r+1) 3qr 1 B
_(1+‘BD(1 q) |:(1_q)7“+2 (1_q)r+1+(1_q)r 1:|
= 18D | D 4 M- -] < (8- ayeose,

that is (3.7) holds, hence Py (f) € £L(A, B,0).
(ii) If f € K is of the form (1.1), then the well-known inequality |a,| < 1 holds
for all n > 2 (see [12]), and according to (3.1) we obtain that

o0

S (T B - )

n=2

<> (n :i; 2>n(1 +[BDg" T (1 - q)

—asmna-or | (T T e e (V01 2)qn—11

Ln=2 n=2

r—w n+r—2 e N (ndr—2\
== | Sa(" T e (1T ]

Ln=2 n=2

— (LB - )" qi(”)wi ("
- - o (")

=(1+1B|) {—i—l—(l—q) ] < (B— A)cosb,

n=

hence (3.7) holds, and therefore Py (f) € L(A, B,0). O
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Theorem 3.5. If the condition

l—¢
. B-A < —
(3.8) ( )qrcosf < T2

holds, then the operator Py maps the class L(A, B,0) to the class k — UCV, that is
Py (L(A, B,0)) C k—Uev.

Proof. 1f f € L(A, B,0) has the form (1.1), since Py is given by (1.7), using Lemma
2.3 we need to prove that

(3.9) > <n+r_2>n(n1)lq”1|1QIT |an| <

1
= r—1 k42

From Lemma 2.2 and the assumption (3.8) we obtain that

> (n ::2>n<n ~ D (1 - g)

=(B-A)(1-q)" cosei(n — 1)(” i‘i I 2>qn—1

n=2

=(B-A)(1- q)rqrcosﬁz

n=0

n+r n_(B—A)qrcos0< 1
€= 1—¢ = kt2

hence (3.9) holds, and consequently Py (f) € k —UCV. O
Theorem 3.6. If the condition

k(1 —q)
q(r—1)

(3.10) (B— A)cost {k—l—l—(l—q)r_ (1_(1_q)r—1) <1

holds, then P} maps the class L(A, B,0) to the class k — 8, := k — 8,(0), that is
Py (L(A,B,0)) Ck—§,.

Proof. If f € L(A, B,0) has the power expansion series (1.1), and Py is given by
(1.7), according to Lemma 2.4 for § = 0 we need to prove that

(3.11) S (") i - Wl -l ol <1

n=2
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From Lemma 2.2 and the assumption (3.10) we may easily show that

Si(nji12> n(k+1) -k ¢" (1 q)r(B—z:)cose
S n+r—2 0 k/n+r—2
=(B—A)(1—¢q)" cosb (k+1) n—1_ k -
et o (0 RO )
=(B—-A)(1—¢q) cosb |(k+1) (Z <n:i11>q"—1>
n=0

s (S (o)

=(B—-A)cosl|(k+1)[1-(1—-q)]

k
q(r—1)

(1-q)—(1—-q)" —q(r—1)(1— Q)r]]

= (B — A)cosf [/ﬂ—i—l—(l—q)r— I;Ei:i]; (1—(1—(])“1)} <1,

that is (3.11) holds, and thus Py (f) € k — 8. O

In the following two theorems we will obtain analogues results in connection
with the function I}, defined by

I(2) ::/Q%(t)dt7 zeU.
0

Theorem 3.7. A sufficient condition for the function I to be in the class L(A, B,0)
18

(3.12) (1+[B)[1—(1—q)] < (B— A)coso.

Proof. Since

r . n+r—2 n—1 rzn
(3.13) Iq(z)—z+Z( r 1 )q (1-19q) ?,zEU,
n=2
to prove that I} € £ (A, B,0), according to Lemma 2.1 it is sufficient to show that
= (n+r—2\n(l+|B|), ., .
.14 — g|" 1 —-¢q|"<(B-A .
gy 3 (TP e g < - ) cons

n=2
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Using the assumption (3.12), a simple computation shows that

f: <n ji N 2) n(l%mbq"‘l(l —q)

n=2

—aima-ar > (M)

n=2

— (1B - )" Z(””ll)qﬂzawxl—qr et

=14+ |B)1-(1-¢)"] < (B—A)cosh.
and from (3.14) if follows that Iy € £L(A, B, ). O
Theorem 3.8. A sufficient condition for the function Iy to be in the class k—38,(J)
18
(k+8)1—q) re1
AL OAS . 02 I R <1-8.
eyl G )

Proof. Since I has the form (3.13), to prove that Ij € k — §,(f), according to
Lemma 2.4 it is sufficient to prove that

(3.16) Z (n +r— 2) n(k + 1)n— (k+B) g™ 11— g <1— 8.

r—1
n=2

(315)  k+1—-(1-p)(1—-q) —

Thus, from the assumption (3.15) we get

i <n +:2) [n(k+1) — (k+6)]qn71(1 gy
=(1—q) -(k:+1)n§:2<n+r_2) " i (n:i;2>q"11

—(1—q) -k+1 ;<H+T—1) n_(mg‘;(nji;z)qn]

:(1_q),. (i n+r—1) _1>

n=0

kE+p5 n+r—2\ ,
.

A g - 10— )]

R e (R (R EE )

=k+DA-0-9"]-
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and from (3.16) we conclude that I} € k — 8,(03). O
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