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ABSTRACT. We study a lightlike hypersurface M of an indefinite nearly trans-Sasakian
manifold M with an (£, m)-type connection such that the structure vector field ¢ of M
is tangent to M. In particular, we focus on such lightlike hypersurfaces M for which the
structure tensor field F' is either recurrent or Lie recurrent, or such that M itself is totally
umbilical or screen totally umbilical.

1. Introduction

A linear connection V on a semi-Riemannian manifold (M, g) is called an (£, m)-
type connection if there exist two smooth functions ¢ and m such that

Ly (Vxg)(V,2) == H6(V)g(X, Z) +6(2)g(X,Y)}
— m{6(YV)g(JX,Z) + 6(2)g(JX,Y)},

(1.2) T(X,V) = ({o(Y)X — 0(X)V} + m{0(Y)JX — 0(X)JYV}

for any vector fields X, Y, Z on M, where T is the torsion tensor of V and .J is a
(1,1)-type tensor field and 6 is a 1-form associated with a smooth vector field ¢ by
9(X) = g(X,¢). Throughout this paper, we set (£,m) # (0,0) and denote by X, Y
and Z the smooth vector fields on M.

The notion of (¢, m)-type connection was introduced by Jin [8]. In the case
(¢, m) = (1, 0), this connection V becomes a semi-symmetric non-metric connec-
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tion. The notion of a semi-symmetric non-metric connection on a Riemannian
manifold was introduced by Ageshe-Chafle [1]. In the case (¢, m) = (0, 1), this
connection V becomes a non-metric ¢-symmetric connection such that ¢(X,Y) =
g(JX,Y). The notion of the non-metric ¢-symmetric connection was introduced
by Jin [6].

Remark 1.1.([8]) Denote by V a unique Levi-Civita connection of a semi-
Riemannian manifold (M, g) with respect to g. Then a linear connection V on
(M, g) is an (£, m)-type connection if and only if V satisfies

(1.3) ViV =ViV +0(Y){{X + mJX}.

The subject of study in this paper is lightlike hypersurfaces of an indefinite
nearly trans-Sasakian manifold M = (M, (,0,J, ) with an (¢, m)-type connection
subject to the conditions: (1) the tensor field J and the 1-form 6, defined by (1.1)
and (1.2 are identical with the indefinite nearly trans-Sasakian structure tensor J
and the structure 1-form 6 of M, respectively, and (2) the structure vector field ¢
of M is tangent to M.

Calin [3] proved that if the structure vector field ¢ of M is tangent to M, then
it belongs to S(TM), we assume this in this paper.

2. On (¢,m)-type Connections

A hypersurface M of a semi-Riemannian manifold (M, g) is a lightlike hyper-
surface if its normal bundle TM is a vector subbundle of the tangent bundle T'M.
There exists a screen distribution S(T'M) such that

TM = TML @orth S(TM)J

where @+, denotes the orthogonal direct sum. It is known from [4] that, for
any null section ¢ of TM* on a coordinate neighborhood U C M, there exists a
unique null section N of a unique lightlike vector bundle ¢r(T'M), of rank 1, in the
orthogonal complement S(T' M)+ of S(TM) in M satisfying

g N)=1, g(N,N)=g(N,X) =0, VXeS[TM).
In this case, the tangent bundle TM of M can be decomposed as follows:
TM = TM & tr(TM) = {TM* & tr(TM)} ©orer, S(TM).

We call tr(TM) and N the transversal vector bundle and the null transversal vector
field with respect to the screen distribution S(T'M), respectively.

In the following, we denote by X, Y and Z smooth vector fields on M, unless
otherwise specified. Let V be an (£,m)-type connection on M defined by (1.3)
and P the projection morphism of TM on S(T'M). As ¢ belongs to S(TM), from
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(1.1) we have g(VxN,€&) + g(N,Vx&) = 0. Thus the local Gauss and Weingarten
formulae of M and S(T'M) are given by

(2.1) ?XY:VXY+B(X,Y)N7
(2.2) VxN=-A,X+7(X)N;
(2.3) VxPY = V%PY + C(X, PY),
(2.4) V€ = —A;X - r(X)E,

where V and V* are the linear connections on TM and S(TM), respectively, B
and C' are the local second fundamental forms on T'M and S(TM), respectively,
A, and AZ are the shape operators, and 7 is a 1-form.

An odd dimensional semi-Riemannian manifold (M, §) is said to be an indefinite
almost contact metric manifold [5, 6] if there exist a structure set {J, ¢, 0, g}, where
J is a (1,1)-type tensor field, ¢ is a vector field, 8 is a 1-form and g is the semi-
Riemannian metric on M such that

(2.5) J’X =-X+6(X)¢, JC=0, 80J=0, 6(¢)=1,

0(X) =g(¢, X), g(JX,JY)=g(X,Y) - 0(X)0(Y).

It is known [5, 6] that, for any lightlike hypersurface M of an indefinite almost
contact metric manifold M such that the structure vector field ¢ of M is tangent
to M, J(TM*) and J(tr(TM)) are subbundles of S(T'M), of rank 1, such that
J(TM+)YNJ(tr(TM)) = {0}. Thus there exist two non-degenerate almost complex
distributions D, and D with respect to J, i.e., J(D,) = D, and J(D) = D, such
that

S(TM) = {J(TM~) ® J(tr(TM))} @orin Do,
D= TML Dorth J(TML) Dorth Do-

In this case, the decomposition form of T'M is reformed as follows:

TM =D& J(tr(TM)).
Consider two lightlike vector fields U and V, and their 1-forms v and v such that
(2.6) U=-JN, V=-J¢ uX)=gX, V), vX)=g9(X,U).

Denote by S the projection morphism of TM on D. Any vector field X of M is
expressed as X = SX + u(X)U. Applying J to this form, we have

(2.7) JX = FX + u(X)N,

where F is a tensor field of type (1,1) globally defined on M by FX = JSX.
Applying J to (2.7) and using (2.5) and (2.6), we have

(2.8) F?X = - X +u(X)U + 0(X)¢.
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Using (1.1), (1.2), (2.1) and (2.7), we see that

(2.9) (Vx9)(Y, Z) = B(X,Y)n(Z) + B(X, Z)n(Y)
— m{8(Y)g(JX, Z) + 6(Z)g(JX,Y)},

(2.10) TX,Y)=t{0)X - 0(X)Y}+m{0(Y)FX —0(X)FY},
(211)  B(X,Y) = B(Y, X) = m{6(Y )u(X) — 6(X)u(¥)},
where T is the torsion tensor with respect to the induced connection V on M and
n is a 1-form such that n(X) = g(X, N).

From the fact that B(X,Y) = §g(VxY,&), we know that B is independent of
the choice of the screen distribution S(T'M) and satisfies

(2.12) B(X,¢) =0, B(£,X)=0.

The local second fundamental forms are related to their shape operators by

(2.13) B(X,Y) = g(A; X, Y) + mu(X)0(Y),

(2.14) C(X,PY) = g(A, X, PY) + {tn(X) + mv(X)}0(PY),
(2.15) g(AFX,N) =0, GgALX,N)=0.

As S(TM) is non-degenerate, taking X = ¢ to (2.13), we obtain
(2.16) A =0, Vx€=—A{X —7(X)¢

Applying Vx to F§€ = =V and FV = £ by turns and using (2.5), we have

(2.17) (VxF)E = —VxV + F(A:X) — 7(X)V,
(2.18) (VxF)V = —FVxV — ALX — 7(X)E.

Applying Vx to v(Y) = ¢g(Y,U) and using (2.9), we obtain

(2.19) (Vxv)(Y) =md(Y)n(X) — £0(Y)v(X)
+ B(X,Un(Y) +g(Y,VxU).

Applying Vx to g(U,U) = 0 and ¢g(V,V) = 0 and using (2.9), we get

(2.20) U(VxU) = O7 U(VXV) = 0.

3. Recurrents and Lie Recurrents

Definition 3.1.([7]) The structure tensor field F' of M is said to be recurrent if
there exists a 1-form w on M such that

(3.1) (VxF)Y = w(X)FY.
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Theorem 3.2. Let M be a lightlike hypersurface of an indefinite almost contact
metric manifold M with an (¢, m)-type connection V such that ¢ is tangent to M.
If F' is recurrent, then F' is parallel with respect to the induced connection V' from

V.
Proof. Comparing (2.18) with (3.1) in which we replace Y with V| we obtain

(3.2) FVxV + A{X + {w(X) + 7(X)} = 0.
Also, comparing (2.17) with (3.1), taking Y = &, we obtain
(3.3) ViV = F(ALX) — {w(X) - 7(X)}V = 0.
Taking the scalar product with V and ¢ to (3.3), we have
(3.4) uw(VxV) =0, 6(VxV)=0.

Applying F' to (3.2) and using (2.8) and (3.4) and then, comparing this result with
(3.3), we get w = 0. Thus F is parallel with respect to V. |

Definition 3.3.([7]) The structure tensor field F' of M is called Lie recurrent if
there exists a 1-form 6 on M such that

(3.5) (L F)Y =0(X)FY,

where £ denotes the Lie derivative on M with respect to X, that is,
(3.6) (L,F)Y =[X,FY] - F[X,Y].

The structure tensor field F' is called Lie parallel if £, F = 0.

Theorem 3.4. Let M be a lightlike hypersurface of an indefinite almost contact
metric manifold M with an (¢, m)-type connection V such that ¢ is tangent to M.
If F is Lie recurrent, then F' is Lie parallel.

Proof. As the induced connection V from V is torsion-free, from (3.5) and (3.6) we
have

(3.7) (VxF)Y =VpyX — FVy X + 0(X)FY.
Comparing (2.18) with (3.7), taking Y = V, we obtain

(3.8) VeX = —F(VxV - VyX) - A; X — {o(X) + 7(X)}¢.
Also, comparing (2.17) with (3.7), taking Y = &, we obtain

(3.9) FVeX =VxV = VyX - F(A; X) — {o(X) — 7(X)}V.
Taking the scalar product with V' and ¢ to (3.9), we obtain

(3.10) WVxV —VyX)=0, 0(VxV —VyX)=0.
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Applying F to (3.8) and using (2.8) and (3.10) and then, comparing this result with
(3.9), we have 0 = 0. Thus F' is Lie parallel. O

4. Indefinite Nearly Trans-Sasakian Manifolds

Definition 4.1.([9]) An indefinite almost contact metric manifold M is called an
indefinite nearly trans-Sasakian manifold if {J, ¢, 0, §} satisfies

(4.1) (V)Y + (Vg )X = a{2g(X, V)¢ — 0(Y)X — (X)Y}

- B{O(Y)JX +0(X)JY}.
where V is the Levi-Civita connection of M. We say that the set {J, ¢, 0, g} is an
indefinite nearly trans-Sasakian structure of type (o, f5).

Note that the indefinite nearly Sasakian manifolds, indefinite nearly Kanmotsu
manifolds and indefinite nearly cosymplectic manifolds are important examples of
indefinite nearly trans-Sasakian manifold such that

a=1, =0; a=0, =1, a = [ = 0, respectively.

Replacing the Levi-Civita connection v by the (¢,m)-type connection V given
by (1.3), the equation (4.1) is reduced to

(4.2) (V)Y + (V)X = (m—a){8(Y)X +0(X)Y}
— L+ B){(Y)IX +0(X)JIY}
+2{ag(X,Y) - mo(X)0(Y)}C.
Applying V¢ to g(¢,¢) = 1 and using (1.1), we have §(V¢(¢) = ¢. Taking
X =Y =( to (4.2), we obtain (V¢J)¢ = 0. It follows that J(V () = 0. Applying

J to this equation and using (2.5) and the fact that 6(V () = ¢, we have V¢ = ((.
From this equation, (2.1) and (2.3), we obtain

(4.3) Ve¢=1¢, B¢ =0, C(¢)=0.

Definition 4.2.([4]) A lightlike hypersurface M of (M, g) is said to be

(1) totally umbilical if there is a smooth function p on a coordinate neighborhood
U in M such that AEX = pPX or equivalently

(4.4) B(X,Y) =pg(X,Y).
In case p =0 on U, we say that M is totally geodesic.

(2) screen totally umbilical if there exist a smooth function « on a coordinate
neighborhood U such that A, X = yPX or equivalently

(4.5) C(X,PY) =~g(X,PY).

In case v =0 on U, we say that M is screen totally geodesic.
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Theorem 4.3. Let M be a lightlike hypersurface of an indefinite nearly trans-
Sasakian manifold M with an (¢, m)-type connection such that the structure vector
field ¢ of M is tangent to M.

(1) If M is totally umbilical, then M is totally geodesic and m = 0.
(2) If M s screen totally umbilical, then M is screen totally geodesic.

Proof. (1) If M is totally umbilical, then, taking X = Y = ¢ to (4.4) and using
(4.3), we have p = 0. Thus M is totally geodesic. On the other hand, since B = 0,
taking X = U and Y = { to (2.11), we see that m = 0.

(2) If M is screen totally umbilical, then, taking X = PY = ({ to (4.5) and
using (4.3), we have v = 0. Thus M is screen totally geodesic. a

Applying Vx to JY = FY + u(Y)N and using (2.3), we have

(4.6) (V)Y = (VxF)Y —u(Y)A, X + B(X,Y)U
+ {(Vxu)(Y) + u(Y)r(X) + B(X, FY)}N.

Substituting (4.6) into (4.2) and using (2.7) and (2.11), we obtain

(4.7) (VxF)Y + (VyF)X = (m — a){0(Y)X +0(X)Y}
— (L+B){O(Y)FX +6(X)FY}
+ 2{ag(X,Y) —mb(X)0(Y)}¢
+u(X)A Y +u(Y)A X - 2B(X,Y)U
+ m{O(Y )u(X) — 0(X)u(Y)}U.

Lemma 4.4. Let M be a lightlike hypersurface of an indefinite nearly trans-
Sasakian manifold M with an (¢, m)-type connection V such that the structure vector
field ¢ of M is tangent to M. Then we have

B(U,V)=C(V,V), B(U,¢) +C(V,¢) =2(m — a),
BUU)=C(U,V), o(VyV)=—7(U),

(4.8) C(U,¢) =0, 20(V, ) + C((, V) = 2m — 3a,
B(U,¢)=C(V,()+C((, V) + a,
B(U,C) =m+0(AgU),  0(VeU) = 0(ALU),

where V is the induced connection from V.
Proof. Applying Vx to FU =0 and F'V = £ by turns, we obtain

(VxF)U = ~-FVxU, (VxF)V=-FVxV —A;X —7(X)§.
From these two equations, we obtain

(VuF)V + (Vy F)U = —F(VyV + VyU) — AZU — 7(U)E.

229
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Comparing this result with (4.7), taking X = U and Y =V, we have
F(VuV +VyU) + AiU +17(U)§ = —2a( — A,V +2B(U, V)U.

Taking the scalar product with V, ¢, U and N to this and using (2.13), (2.14),
(2.20) and 5(Vx PY) = C(X, PY), we get (4.8).
By direct calculation from FU =0, F{ =0 and (4.7), we obtain

F(VyC+ VCU) =—-A,(+{a—-2m+2B(U,¢{)}U.

Taking the scalar product with U and V' to this by turns and using (2.5), (2.7),
(2.14) and n(Vy(+ V. U) = C(U,¢) + C(¢,U), we get (4.8) and

(4.9) 2B(U,¢) — C(C, V) = 2m — a.

Substituting (4.8) into (4.9), we have (4.8).
By directed calculation from FV = ¢, F'( =0 and (4.7), we obtain

F(Vy(+VeV) = —AiC+2B(V,QU
= (m=a)V+{+5-7(0}E

Taking the scalar product with U and using (2.3), (2.11) and (2.13), we get (4.8):
B(U,C) = C(V.0) + C(G, V) +a.

Taking X = U and Y = ( to (2.13), we have (4.8). On the other hand, applying
Vx tov(Y) = g(FY,N) and using (1.1), (2.1) and (2.2), we get

9(VxF)Y,N) = (Vxo)(Y) =o(Y)r(X) + g(Ax X, FY).
Taking the scalar product with N to (4.7), we obtain

(Vxv)Y + (Vyv)X = (m—
—(

a){0(Y)n(X)
t+ B{0(Y)o(X)
+o(Y)7(X) + 0(X)7(Y)
g(ANX7 FY) _g(ANY7 FX)

Substituting (2.19) into the last equation, we have

B(X,U)n(Y) + B(Y,U)n(X) + g(Y, VxU) + (X, VyU)
=—a{9(Y)( ) +0(X)n(Y)} = B{O(Y)o(X) + 0(X)v(Y)}
+o(Y)T(X) +0(X)7(Y) = (A X, FY) — g(A Y, FX).

Taking X = ¢ and Y = ¢ to this and using (2.11) and (2.12), we have
B(Ua C) - C(C? V) =m-a-— H(VEU)a
due to (2.14). Substituting this equation into (4.9), we obtain

B(U,¢) =m +0(VeU).
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Comparing this equation with (4.8), we have (4.8). m]

Lemma 4.5. Let M be a lightlike hypersurfac of an indefinite nearly trans-Sasakian
manifold M with an (¢, m)-type connection V such that ¢ is tangent to M. If one
of the following three conditions is satisfied,

(1) (VxF)Y +(VyF)X =0,

(2) F is parallel with respect to the induced connection V on M, that is,
VxF =0,

(3) F is recurrent,

then « = m and 8 = —£. The shape operators AZ and A, satisfy

(4.10) AV =0, AV =-20, A =0, O(AU)=0,
O(VeU) =0, A X =C(X,V)U - 2a0(X)C.

Proof. (1) Assume that (VxF)Y + (VyF)X = 0. Taking the scalar product with
N to (4.7) and using (2.15), we have

(m — a){0(Y)n(X) + 0(X)n(Y)} = £+ B){0(Y)o(X) + 0(X)o(Y)}.

Taking X =&, Y =(Cand X =V, Y = ( in this equation, we obtain o = m and
B=—L Asa=mand §=—{, (4.7) is reduced to

(4.11) 20{g(X,Y) = 0(X)0(Y)}C +u(X)A Y +u(Y)A, X
—2B(X,Y)U +m{0(Y)u(X) — 0(X)u(Y)}U = 0.
Taking the scalar product with V to (4.11), we have
(4.12) 2B(X,Y) = u(Y)u(A, X) + u(X)u(A,Y)
+ m{0(Y)u(X) — 0(X)u(Y)}.
Taking Y = V in this equation and using (2.14), we obtain
2B(X,V) = u(X)C(V,V).

Replacing X by U to this equation, we have 2B(U, V) = C(V, V). Comparing this
result with (4.8), we have C(V,V) = 0. Thus we obtain

(4.13) B(U,V)=C(V,V) =0, B(X,V) =0.

Using (2.11) and (4.13), we see that B(V,X) = 0. From this, (2.13) and the fact
that S(T'M) is non-degenerate, we have (4.10): A;V = 0. Taking X = U and
Y =V to (4.11) and using (4.13), we get (4.10): A,V = —2a(. Also, taking
X =Uand Y = ¢ to (4.11) and using (2.12), we get (4.10): A,¢ = 0. Taking
X =V and Y = ¢ to (2.14) and using (4.10) and the fact that m = a, we obtain
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C(V,¢) = —m. From this result and (4.8), we have B(U, () = m. Thus, from (4.8)
we get (4.10): 0(AU) = 0(VU) = 0.
Taking Y = U to (4.12), we obtain

2B(X,U)+mb(X) = u(A, X) + u(X)u(A,U).

Replacing Y by U to (4.11) and using the last equation, we get
A X —uw(AyX)U + u(X){A U —u(AU)U} + 2a0(X)¢ = 0.
Taking X = U to this, we have A, U = u(A,U)U. Thus we have
Ay X =u(A, X)U —2a0(X)C.

(2) If F is parallel with respect to V, then (VxF)Y + (Vy F)X = 0. By item (1),
we see that a = m and = —. A} and A satisfy (4.10).

(3) If F is recurrent, then F' is parallel with respect to V by Theorem 3.2. By item
(2), we see that v =m and = —{. A7 and A satisfy (4.10). O

Theorem 4.6. Let M be a lightlike hypersurface of an indefinite nearly trans-
Sasakian manifold M with an (£, m)-type connection V such that ¢ is tangent to

M. If F is Lie recurrent, then M s an indefinite nearly 3-Kenmotsu manifold with
an (£, m)-type connection V.

Proof. If F is Lie recurrent, then F' is Lie parallel, i.e., 0 = 0, by Theorem 3.4.
Replacing Y by U to (3.7), we have (Vx F)U = —FVyX. Applying Vx to FU = 0,
we get (VxF)U = —FV xU. Therefore we have

(4.14) F(VxU-VyX)=0.
Taking the scalar product with N to this and using (2.20), we obtain
(4.15) v(VyX) =0, T(U) =0,
due to (4.8). Taking X = U to (3.8) and using (4.14) and (4.15), we get
(4.16) VeU = —A¢U.
Taking the scalar product with ¢ to this equation, we have

O(VeU) = —0(AgU).
Comparing this with (4.8) and using (2.11) and (4.8), we have
(4.17) O(VeU) = 0(AU) =0, B(U,¢) = m, B(¢,U) =0.
Applying V¢ to g(U,¢) = 0 and using (2.9) and (4.17), we obtain

(4.18) v(Ve() = —m.



Lightlike Hypersurfaces of an Indefinite Nearly Trans-Sasakian Manifold 233

Taking the scalar product with U to (3.8), we have
v(VeX) =n(VxV - VyX) - B(X,U).
Replacing X by ¢ to this and using (2.4), (4.17) and (4.18), we have
ciG,V)=0c(V.Q) -
As B(U,¢) = m, from (4.9), we obtain
ClGV)=a, C(V,{) =m+a.

Substituting the last two results into (4.8), we get a = 0. Thus M is an indefinite
nearly f-Kenmotsu manifold with an (¢, m)-type connection. o

5. Indefinite Nearly Generalized Sasakian Space Forms

Denote by R, R and R* the curvature tensors of the (¢,m)-type connection V
of M and the induced connections V and V* on M and S(T M), respectively. Using
the Gauss-Weingarten formulae for M and S(T'M), we obtain two Gauss equations
for M and S(T'M) such that

(5.1) R(X.Y)Z = R(X,Y)Z + B(X, Z)A,Y — B(Y, Z)A, X
+{(VxB)(Y,Z) - (VyB)(X, Z)
T(X)B(Y,Z) - 7(Y)B(X, Z)
_UB(X)B(Y, Z) — 6(Y)B(X, 2)]
—ml0(X)B(FY,Z) = 6(Y)B(FX, Z)]}N,
(5.2) R(X,Y)PZ = R*(X,Y)PZ + C(X, PZ) ALY — C(Y, PZ)ALX
+{(VxO)Y,PZ) - (Vy(O)(X,PZ)
— F(X)C(Y, PZ) + 7(Y)C(X, PZ)
—[0(X)C(Y, PZ) — 0(Y)C(X, PZ)]
— m[B(X)C(FY, PZ) — §(Y)C(FX, PZ)|}¢.

Definition 5.1. An indefinite nearly trans-Sasakian manifold M is said to be a
indefinite nearly generalized Sasakian space form, denoted by M(f1, fa, f3), if there
exist three smooth functions f1, fo and f3 on M such that

(5.3) R(X.Y)Z = fi{g(Y,

where R is the curvature tensors of the Levi-Civita connection V of M.
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The notion of (Riemannian) generalized Sasakian space form was introduced by
Alegre et.al. [2]. Sasakian, Kenmotsu and cosymplectic space form are important
kinds of generalized Sasakian space forms such that

= fo=fi= A= fa=fr=S% fi=f=f=%
respectively, where ¢ is a constant J-sectional curvature of each space forms.
By direct calculations from (1.2), (1.3) and (2.5), we have

(5.4) R(X Y)Z = R(X )Z
+ {U(V£0)(Z) + [ X +m?0(X))0(2)}Y
—{U(V30)(2) + [Y L+ m*0(Y)]0(2)} X
+{m 0)(Z) + [ Xm — tmO(X)]0(Z)}JY
—{m 0)(Z) + [Ym —tmO(Y)]0(Z)}JX
+mIZ){(Vx )Y ~ (T5))X).
Comparing the tangential, transversal and radical components of the left-right
terms of (5.4) such that X = X, Y =Y and Z = Z and using (2.11), (2.15), (4.6),
(5.1), (5.2), (5.3) and the last two equations, we obtain
(5.5) R(X,Y)Z = B(Y,Z2)A, X — B(X,2)A,Y
+ {U(Vx0)(Z)+ [XL+m*0(X))0(2)}Y
—{UVy0)(2) + [Y L+ m*0(Y)]0(Z2)} X
+ {m(Vx0)(Z2) + [Xm — tmb(X)|0(Z2)}FY
—{m(Vy0)(Z) + [Ym — tmO(Y)|0(2)} FX
+mb(2){(VxF)Y — (VyF)X
+u(X)A)Y —u()A X
+ m[0(Y)u(X) — 0(X)u(Y)|U}
+ [i{g(Y, 2)X — g(X, 2)Y}
+ f{3(X, JZ)FY — §(Y,JZ)FX +25(X,JY)FZ}
+ f{[0(X)Y - 0(Y)X]0(Z)
+ [9(X, 2)0(Y) — g(Y, Z2)0(X)]¢},

(v
(v

X
Y

(5.6) (VxB)(Y.Z) ~ (Vy B)(X. 2)
+ {7(X) — 0(X)}B(Y, Z) — {r(Y) — t0(Y)}B(X, Z)
— m{0(X)B(FY, Z) — 0(Y)B(FX, Z)}
= {m(Vx0)(Z) + [Xm — tmf(X)]0(Z) }u(Y)
— {m(Vy0)(Z) + [Ym — tm0(Y)]0(Z) }u(X)
+ m(Z){(Vxw)Y — (Vyw)X +u(Y)r(X)
—u(X)7(Y)+ B(X,FY) — B(Y,FX)}
+ f{9(X, JZ2)u(Y) — g(Y, JZ)u(X) + 29(X, JY)u(Z)},
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(5.7) (VxCO)Y,PZ) — (VyC)(X, PZ)
— {7(X) +40(X)}C(Y,PZ) + {r(Y) +£0(Y)}C(X, PZ)
— m{0(X)C(FY,PZ) - 0(Y)C(FX,PZ)}
= {{(Vx0)(PZ) + [Xt+m*0(X)|0(PZ)}n(Y)
— {U(Vy0)(PZ)+ YL+ m?0(Y)0(PZ)}n(X)
+ {m(Vx0)(PZ) 4 [Xm — tmb(X)]0(PZ)}v(Y)
— {m(Vy0)(PZ) + [Ym —tmO(Y)]0(PZ)}v(X)
+ mB(PZ){(Vxv)Y — (Vyv)X

+
)n

v (X)+v(X)7(Y)

g X,FY) — (ANY, FX)}
+ fi{g(Y, PZ)n(X) — g(X, PZ)n(Y)
+ f{g(X, JPZ)o(Y) — g(Y, JPZ)u(
+ f3{0(X)n(Y) —0(Y)n(X)}0(PZ),

due to the following equations:

)Y
Y)r
(A,
}

X) +29(X, JY)(PZ)

I(Vx )Y, €) = (Vxu)(Y) + u(Y)r(X) + B(X, FY),
F(Vx )Y, N) = (Vxv)(Y) = v(Y)7(X) + g(A, X, FY).

Using the Gauss-Weingarten formulae for S(T'M), we obtain the following Co-
dazzi equations for S(T'M) such that

R(X,Y)E = =V (ALY) + Vi (AL X) + AZ[X,Y]
— T(X)ALY +7(Y)ALX
+ {C(Y, A;X) — C(X, ALY) — 2d7(X,Y)}¢.

Replacing Z by £ to (5.5) and using (2.12) and (5.9), we have

R(X,Y)¢ = 0(A;X){6Y + mFY} — 0(AY ){¢X + mFX}
+ folu(Y)FX —u(X)FY —2g(X,JY)V}.

Comparing the radical components of the last two equations, we obtain

(5:8) foAu(Y)o(X) —u(X)v(Y)}
= g(A Y, ALX) — g(A X, ALY) — 2dr(X,Y).

Applying Vx to §(U) = 0 and §(¢) = 0 and using (2.16), we obtain
(5.9) (Vx0)(U) = —0(VxU), (Vx0)(§) = 0(A: X).

Theorem 5.2. Let M be a lightlike hypersurface of an indefinite nearly generalized
Sasakian space form M(f1, fa, f3) with an (¢, m)-type connection V such that ¢ is
tangent to M. If one of the following conditions is satisfied ;

235
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(1) (VxB)Y +(VyF)X =0,
(2) F is parallel with respect to the induced connection V, that is, VxF =0,
(3) F is recurrent,

then fi4+ fo=0 and fo=2dr(U,V).

Proof. If one of the items (1)~ (3) is satisfied, then A and A, satisfy (4.10).
Taking the scalar product with U to (4.10) and using (2.14), we have

C(X,U) = 0.
Applying Vx to C(Y,U) = 0 and using the last equation, we have
(VxCO)(Y,U) = =C(Y,VxU).
Substituting the last two equations into (5.7) with PZ = U, we obtain

C(X,VyU) = C(Y,VxU) = (VxO)(U){n(Y) + mo(Y)}
— (Vy0)(U){n(X) + mu(X)}
+ (fi + 2 ){o(Y)n(X) —o(X)n(Y)}

Taking Y = V and X = ¢ to this and using (4.10) and (5.9), we get
C(&,VyU) — C(V,VeU) = L0(VyU) + f1 + fo.
By using (2.14), (4.10) and the fact that m = «, we see that
C(&VvU) = g(A &, Vv U) + (Vv U) = (Vv U),
C(V,VeU) = g(A V,VeU) + mb(VelU) = —mb(Vel) = 0.

From the last three equations, we get f1 + fo = 0. Taking Y =V and X = U to
(5.8) and using (4.10), we have fo = 2d7(U,V) O

Definition 5.3. A lightlike hypersurface M is said to be a Hopf lightlike hypersur-
face if the structure vector field U is an eigenvector of AZ.

Theorem 5.4. Let M be a lightlike hypersurface of an indefinite nearly generalized
Sasakian space form M(f1, fa, f3) with an (€, m)-type connection such that ¢ is
tangent to M and F is Lie recurrent. Then

g(ALU, ALU) = 3f5.

If M is a Hopf lightlike hypersurface of M(c), then fo = 0.
Proof. Taking the scalar product with U to (4.16) and using (2.20), we get

(5.10) B(U,U) = 0.
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Applying V¢ to (5.10) and using (2.11), (2.13), (4.16) and (4.17), we have
(VeB)(U,U) = 2g(AU, AZU).

Applying Vi to B(§,U) = 0 and using (2.4) and (2.11) ~ (2.13), we have
(VuB)(&,U) = g(AgU, ALU),

due to (4.17). Taking X =&, Y =U and Z = U to (5.6) and using (2.12), (4.17),
(5.9), (5.10) and the last two equations, we obtain

g(ALU, ALU) = 3fo.

If M is a Hopf lightlike hypersurface of M(c), that is, AU = XU for some
smooth function A, then g(AzU, A;U) = 0. Thus f, = 0. O

Theorem 5.5. Let M be a totally umbilical lightlike hypersurface of an indefinite
nearly generalized Sasakian space form M(f1, f2, f3) with an (¢, m)-type connection
such that  is tangent to M. Then

fa=0, dr(U,V) =0.
Proof. If M is totally umbilical, then B = 0 and m = 0 by (1) of Theorem 4.3. As
B =m =0 and S(T'M) is non-degenerate, (2.13) is reduced
(5.11) AIX =0.

Taking X =& and Y = Z = U to (5.6) and using (4.8), (5.9) and (5.11), we get
fo=0. Taking X = U and Y =V to (5.8) and using (5.11), we have d7(U,V) = 0.
Thus we have our theorem. |

Theorem 5.6. Let M be a screen totally umbilical lightlike hypersurface of an
indefinite nearly generalized Sasakian space form M(f1, fa, f3) with an (£, m)-type
connection such that C is tangent to M. Then

f1 = EG(VUV - VvU) - 2m(m — Oé),
f2 = KH(VVU — VUV) + m(m — Oé),
f3=L0(VyV —VyU) —2m(m — a) — ¢+ (2.

Proof. If M is screen totally umbilical, then C' = 0 by (2) of Theorem 4.3. As
C =0, from (2.11) and (4.8), we have

(5.12) 2m =30, B{U,()=a, B({(U)=a—-m, 6(VU)=a—m.
Applying Vx to #(¢) =1 and 8(V) = 0, we have

(5.13) (Vx0)(Q) = —00(X),  (VxO)(V)=—-0(VxV),
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due to 0(Vx() = ¢0(X). Taking (1)
PZ=V; (3)X=¢(Y=V,PZ=
(5.12), we have

X =
U to

fi—f3=¢0— 2, J1+2fa=—L0(VyV),
fi+ fo=—m(m—a) —0(VyU).

From these equations, we have our theorem. O
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