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ABSTRACT. In this article, we study the solvability of the Cauchy-Dirichlet problem for
a class of nonlinear parabolic equations with nonstandard growth and nonlocal terms.
We prove the existence of weak solutions of the considered problem under more general
conditions. In addition, we investigate the behavior of the solution when the problem is
homogeneous.

1. Introduction

This paper deals with the existence and behavior of the solution of a nonlin-
ear parabolic Dirichlet-type boundary value problem whose model example is the
following:

G- D (1”2 Diw) + a(,t,0) + g () 3y (8) = o (2,1),

u(z,0)=0=wug(x), ulp,=0

(1.1)

where (z,t) € Qr := Qx (0,7), T > 0, 'y := 92 x [0,T], @ C R"(n > 3) is a
bounded domain with sufficiently smooth boundary (at least Lipschitz), D; = 9/0x;
andpg > 2,p,s >1landa: Q2x(0,T) xR = R, a(z,t, 1) is a function with variable
nonlinearity in 7, (for example, a (z,t,7) = ag (z,t) |7'|O‘(I’t)71 +ay (z,t)) and ¢ is a
real valued measurable function which is not zero on the cylinder Qr.

Recently, nonlinear parabolic equations with nonlocal terms have been well
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146 U. Sert and E. Oztiirk

studied ([2, 4, 8, 9, 10, 11, 12, 13, 16]). Here, “nonlocal term” denotes a functional
depending on the unknown function. There are numerous nonlocal mathematical
models studied by many authors to express processes in physics and engineering.
For example, Galaktionov and Levine [18] presented a general approach to critical
Fujita exponents for nonlinear parabolic problems with nonlocal nonlinearities. Pao
[24] considered a nonlocal model obtained from combustion theory. The degenerate
parabolic equations with a nonlocal term which appear in a population dynamics
model that communicates through chemical means, were studied in [4, 12, 17].

The equation in (1.1) is nonlinear with respect to the solution, and for the case
po = 2, this equation is a nonlocal reaction-diffusion equation which describes an
ignition model for a compressible reactive gas (see, [4, 7]). In this case the existence,
uniqueness and blow-up of nonnegative solutions to problem (1.1) have been studied
in [23, 27, 34, 35]. Models similar to (1.1) also arise in biology to describe the density
of some biological species. In such models the nonlocal term and the absorption
term cooperate and communicate during the diffusion.

Boundary-value problems of type (1.1) are a case of the Newtonian filtration
equation which can be given in the following general form:

uy = Ag (u) + f.

Equation (1.1) is a parabolic equation with implicit degeneracy which is similar to
the equation of Newtonian polytropic filtration [15, 19, 21, 22] i.e.

up = A <|u\m_1 u) + 7

where m > 1. This equation is parabolic for u different from 0 and degenerates when
u = 0. Under the condition m > 1, the above equation describes the non-stationary
flow of a compressible Newtonian fluid in a porous medium under polytropic con-
ditions.

Over the past decade, there has been an increasing interest in the study of
degenerate parabolic equations that involve variable exponents [3, 5, 6]. In this pa-
per, we investigate the parabolic equation with such an additional term f, together
with variable nonlinearity and nonlocal terms. If we rearrange the main part of the
equation, we arrive at

Up = A (‘u|po*2 U) + F (l'vtauv ||U‘HLP(Q) ’h> :

To the best of our knowledge, there have not been any studies on the exis-
tence of solutions for the parabolic equations of type (1.1) providing a function
F whose argument depends on nonlinear nonlocal term ||u||SLp(Q) (t) and a sepa-
rate |u| with variable nonlinearity. We stress that the nonlinearity of nonlocal term
g (z,t) ||ul|7, (o) (t) is independent from the local nonlinearity. This causes some dif-
ficulties in studying the uniqueness and behavior of the solution of problem (1.1).
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We apply the general solvability theorem of [31], i.e. Theorem 2.6, to prove the
existence of weak solution of (1.1). We study problem (1.1) on the domain of the op-
erator generated by the addressed problem and verify the existence of a sufficiently
smooth solution of the problem under more general (weak) conditions. Investigat-
ing a boundary-value problem on its own space yields better results. Therefore in
this work, we analyse the considered problem on its own space. Apart from linear
boundary value problems, the sets generated by nonlinear problems are subsets of
linear spaces which do not have linear structure (see [28, 29, 30, 31, 32, 33] and
references therein).

This paper is organized as follows. In the next section, we recall some useful
results on the generalized Orlicz-Lebesgue spaces and results on nonlinear spaces
(pn-spaces). In Section 3, we present the assumptions, define the weak solution,
and then prove the existence of weak solution to problem (1.1). In Section 4, we
examine the behavior of the solution of (1.1) when the problem is homogeneous.

2. Preliminaries

In this section, we begin with some available facts from the theory of the gen-
eralized Lebesgue spaces which are also called Orlicz-Lebesgue spaces. We present
these facts without proof; proofs can be found in [1, 14, 20, 25].

Let © be a Lebesgue measurable subset of R™ such that |© > 0. (Throughout
the paper, we denote by || the Lebesgue measure of Q). Let p(z,t) > 1 be a
measurable bounded function defined on the cylinder Qr = Q x (0,7T) i.e.

(2.1) 1<p =essinf|p(z,t)| < esssuplp(z,t)] =p' < 0.
Qr Qr

On the set of all functions on Q7 define the functional o, and ||.||, by
op (u) = / u|P Y dadt
Qr

and U
ull Lo (@py = inf{)\ > 0| o <X> < 1} .

The Generalized Lebesgue space is defined as follows:
LP@ (Qr) := {u : u is a measurable real-valued function in Qr, o, (u) < oo} .

The space LP(*Y) (Qr) becomes a Banach space under the norm - o0 (00
which is so-called Luxemburg norm.
We present the following results for these spaces (see [20, 25, 26]):

Lemma 2.1. If 0 < || < oo, and p1 and ps2 fulfill (2.1), then

L@ (Qr) c L@ (Qr) < pa(2,t) < p1 (z,t) for ae (z,t) € Qr.
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148 U. Sert and E. Oztiirk

Lemma 2.2. The dual space of LP*Y (Qr) is LP 1 (Qr) if and only if p €
L*® (Qr). The space LP™Y (Qr) is reflexive if and only if

l<p <pF<oo

p(z,t)
p(z,t)—1"

here p* (z,t) =

For u € LP®% (Qr) and v € L1*Y (Qr) where p, ¢ satisfy (2.1) and ﬁ +

ﬁ = 1, the following inequalities hold:

[ tuoldade < 2l e 1y ol
Qr

and for all u € LP(*Y) (Q) , we have

. - + - +
mln{llunip(m,t)(QT) ’ ||u||zz,p(m,t)(QT)} S Op (u) S maX{HuHI[),p(m,t)(QT) ) ||UHII),T’(T’)(QT)}

We introduce certain nonlinear function spaces (pn-spaces) which are complete
metric spaces and directly connected to the problem under consideration. We also
give some embedding results for these spaces [33, 32, 30, 31] (see also references
cited therein).

Definition 2.3. Let « > 0, 8 > 1, o0 = (p1,... 0n) be multi-index, m € Z* and
Q C R™(n > 1) be bounded domain with sufficiently smooth boundary.

Simap () = {u eL'(Q) | [u]glf*w(m = > (/uw |D%ul” dm) < oo}
Q

0<]o|<m

in particular,

Sias(Q) = {u eL'(Q)| [u]gjz () = Z (/ [ul® | Dyul® da:) < oo} N{u |oa= 0}
o =1 \Q

and for p > 1,

T

P
/[u]§1,a,ﬁ(9) dt < oo} .
0

P (O,T; S0, (Q)) = {u € L' (Qr) | [U]ZLJP(&T;gm_’B(Q))

These spaces are called pn-spaces.™*

*S1,q,8 () is a complete metric space with the following metric: Yu,v € S1,q,5 (2)

a a
b )= = i3],
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Theorem 2.4. Let a >0, 8 > 1 then ¢ : R — R, o (t) = |t|7 t is a homeomor-
phism between St o 5 () and WHP ().

Theorem 2.5. The following embeddings hold:

(i) Let o, cy > 0 and 1 > 1, B > pu, %Z%,Oq-l-ﬁlﬁa-l-ﬂthen we have

‘91704,5 (Q) - 517@1761 (Q) .
(ii) Leta>0,8>1,n> f and "(%EB) > r then there is a continuous embedding

S1a5(Q) CL7(Q).

a+p)

Furthermore for % > 1 the embedding is compact.

(iii) Ifa>0,5>1 andp > o+ then
Wol’p (Q) C §17a7ﬁ(ﬂ)
holds.

In the following, we present the general solvability theorem of [31], whose proof
relies on Galerkin approximation (see also for similar theorems [33, 30]). We will
employ this theorem to demonstrate the existence of a weak solution of problem

(1.1).

Theorem 2.6. Let X and Y be Banach spaces with dual spaces X* and Y™ re-
spectively, Y be a reflexive Banach space, My C X be a weakly complete “reflexive”
pn-space, Xg € Mo NY be a separable vector topological space. Let the following
conditions be fulfilled:

(i) f: So — L1(0,T;Y) is a weakly compact (weakly continuous) mapping,
where
So:=LP (0, T; Mo) N Wh2 (0, T;Y) N {z (t) : 2 (0) = 0}

1 <max{q,¢} <p< oo, ¢ =-L;

q-1’

(ii) there is a linear continuous operator A : W™ (0,T; Xo) — W™ (0,T;Y ™),
s >0, m > 1 such that A commutes with % and the conjugate operator A*
has ker(A*) = 0;

(iii) operators f and A generate, in generalized sense, a coercive pair on space
L?(0,T; Xo), i.e. there exist a number r > 0 and a function ¥ : RL — RY
such that V(1) /7 /o0 as T 7 oo and for any x € LP (0,T; Xy) such that
[x]LP(MO) > r following inequality holds:

[ttt ®) Aw @)t = ¥ ([al )

0



150 U. Sert and E. Oztiirk

(iv) there exists some constants Cy > 0, C1,Cy > 0 and v > 1 such that the
inequalities

T
/@mﬂammz%mwmmm—@,
0

t

/<ngAx (T)>d7 > Ch |2y (t) = C2y  ace. t€[0,T]
T
0

hold for any x € WP (0,T; Xo) and £ € LP (0,T; Xo) -
Assume that that conditions (i)-(iv) are fulfilled. Then the Cauchy problem

B e =y(), yelOT:Y): 2(0)=0

is solvable in Sy in the following sense

1z T
0 0

for any y € L1(0,T;Y) satisfying the inequality

T

/<y (), Az (1) dt : 2 € LP (0,T: Xo) b < oc.
0

1

supQ ————
[x]LP(O,T;Mg)

3. Statement of the Problem and the Main Result

Let @ C R™(n > 3) be a bounded domain with sufficiently smooth boundary
0f). We study the problem
% - ; Di (|u|P0*2 Diu) +a (w,t,u) + g (I, t) ”uHiP(Q) (t) =h (;Kft) ’ ($7 t) € QT
u(z,0)=0=wuo(z), ulr,=0
under the following conditions:

po>2,p,8>1,g:Qr — R is a measurable function satisfying g(x,t) # 0 for a.e.
(z,t) € Qr and a: Q@ x (0,T) x R = R, a(x,t,7) is a Carathédory function with
variable nonlinearity in 7 (see inequality (3.1)).

Let the function a (z,t,7) in problem (1.1) fulfill the following conditions:
(U1) There exists a measurable function a: Q x (0,T) — R, 1 < a” < a(z,t) <

at < oo such that a(z,t,7) satisfies the inequalities

(3.1) la(z,t,7)| < ao (2,t) |7]°D 7! 4 ay (x,8)
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and

a(x,t)

(3.2) a(z,t,7)T > as (x,t) |7] —as (z,1),

a.e. (z,t,7) € Qr x R.
Here a;, i =0,1,2,3 are nonnegative, measurable functions defined on Qr and
ag (x,t) > Ag >0 a.e. (z,t) € Qr.

We investigate problem (1.1) for the functions h € L% (0,T;W 1% (Q)) +

Lo (=Y (Qr) where o* is conjugate of a i.e. o* (z,t) := a‘();(ﬁ)t - and the dual space

Wt Q) = (WP (), a0 i= 5225
Let us denote Sy by

SO = LPO (O’T; gl,(?0—2)QO,q0 (Q)> N La(z,t) (QT)
AW (0,7, W= (Q)) N {u:u(z,0) =0}

We understand the solution of the problem under consideration in the following
sense:

Definition 3.1. A function u € Sy, is called the generalized solution (weak solution)
of problem (1.1) if it satisfies the equality

a7
//—wdxdt—&—Z// |u\p0 2Du D;wdzxdt

=1 0

T T
—I—// x,tu wdxdt—i—// x,t) |uHL1,(Q wdzdt = //hwdwdt
0 Q

for all w € LPo (o,T; 1A (Q)) N L@ (Qr) N Wha (0, T; W1 (Q)).

We are ready to proceed to the main theorem of this section but first define the
followings. For sufficiently small n € (0,1)

QLT = {($7t) € QT‘ Oé(.’IJ,t) € [17p0 - 7])}7
Qo1 = {(z,1) € Qr| o (z,t) € [po — n, ]}

and
“(x.t)
B(x,t) = % if (z,t) € Q1,r,
> if (z,t) € Qa,r.
Also, pp : PO which is critical exponent in Theorem 2.5 and its conjugate is
po* = 2o
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152 U. Sert and E. Oztiirk

Theorem 3.2.(Existence Theorem) Let (U1) be satisfied; 1 < s < pg — 1 and
p < po. j;f ag € L@ (Qr), a1 € L* Y (Qrp), ag € L® (Qr), a3 € L' (QT) and
g € LoD (0,T; LPo" (Q)) then for all h € L% (0,T; W19 (Q)) + L @D (Qr)
problem (1.1) has a generalized solution in the space Sy and Ou/Ot belongs to
Lo (07T; W—Lao (Q)) .

The proof of Theorem 3.2 is based on the general existence theorem (Theorem
2.6). We introduce the following spaces and mappings in order to apply Theorem
2.6 to prove Theorem 3.2.

So := L™ (07 T 51, (90 ~2)a0,00 (9)> N L (Qr)
nwhao (0,T; W hao Q) N{u: u(z,0) =0},
f:80 — L™ (0,T; W% (Q)) + L* ™ (Qr),

fu) == Di(Jul™"? Diu) +a(z,t,u) + g (2,1) |[ullp ) (1)

=1
A LR (0, T; Wy P (Q)) N LD (Qr) € So — LP (0,T; Wy ™ () N L™ (Qr),
A:=1d.

We prove some lemmas to show that all conditions of Theorem 2.6 are fulfilled
under the conditions of Theorem 3.2.

Lemma 3.3. Under the conditions of Theorem 8.2, f and A generate a “coercive
pair” on LPo (O,T; WP (Q)) N LD (Qr).

Proof. Since A = Id, being “coercive pair” equals to order coercivity of f on the
space LPo (0, T, Whwo (Q)) N L@ (Qr).

For u € LPo (0, T; WyP° (Q)) N L@ (Qr), we have the following equation:

n T
(f (), w)g, = u"° =2 |Dyul? dudt
ff

=1

T
—|—/a(x,t,u udxdt+// x,t) ||uHL,,(Q udxdt.
Qr 0

By using (3.2), we obtain

n T
UW%w%EEZ(//MW*MwFMﬁ +/mxammW“wMt
i=1 \} & O

T

(3.3) f/MAmmMﬁf//w@ﬁWWL@WMMt
Qr

0 Q



Nonlocal Nonlinear Parabolic Equations with Variable Exponents

If we employ (U1) to estimate the second integral in (3.3) and by applying Holder
inequality together with the embedding Si, (p,—2)g0,q0 (2) C LP (2) (see Theorem
2.5) to estimate the fourth integral then we get,

Po al@,t)
(F ), = (07 sy ey + Ao [ Nl o

QT
T
(3.0 = C [ W,y Nl ) 910 e
0
- Ha'3||L1(QT) :

By taking account the embeddings (see Theorem 2.5)

ASuyla(Po—Q)Q (Q) - glv(pO_Q)QOJIO (Q)

and
Sl»(l’o*z)%,qo (Q) C LPO (Q)

into (3.4) to estimate the pseudo-norm and third integral respectively, we attain

o(x,t)
> Po .
(f (), w)q, = Colul, (07551 r0 230000 () + Ao / | dxdt

Qr
T

s+1
(35) -a [y o 19110 eyt = sl 3 g

S1,(po~2)40-a0
0

By utilizing Young’s inequality to the third integral in (3.5), we have
b2 a”
<f (U) ’U>QT 2 C2 <[U]LOPO (OvT?éL(z)oquoftzo(Q)) * ”u'LQ(IJ)(QT)) -k

Here, K=K (||a3||L1(QT) 5 HQHLQ)FOJ’(HI) (O,T;LP_O*(Q))>’ CZ = 02 (pO»saA07 ‘QD are
positive constants. So the proof is completed. O

Lemma 3.4. Under the conditions of Theorem 3.2, f is bounded from Sy into
L% (0,T: W=h (Q)) + L™ (Qr).

Proof. First, we define the mappings

fi ()= 3" =D; (Juf™ Diar) + g (1) lul 3y (1)
i=1
fo(u) :=al(x,t,u).

153
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We need to show that these mappings are both bounded from
170 (0,73 51,y -2)q0.00 () )NL2ED (Qr) into Lo (0, T5 W0 () +L2° 0 Q).

Let us show that f; is bounded: For u € LP° (0, T, 3’17(,,0_2)(107% (Q)) and v €
Lo (o,T; wlro (Q)),

T
[(ox ( [ [ b |Dvdwdt> +f / 19/, )| [l ey 0] dd.
0

Using the embedding 517(1)0_2)(107(10 () C L? (92) and Holder’s inequality above we

find,
(oo % b (/ i) g

=1 0 i=1 0

IA

T
/ sl (po—2)a0,a0 (V) ”g”me) ” H )’ pO(Q)
0

Estimating the second integral above by Hélder’s inequality (22 > 1), we obtain

[(f1 () v)g,

= \I}([U]LPO (07T35'1,(po*2)qo1% (Q))) Hv”LPO (O’T;Wﬂl’po (Q))

where

2, = po—1 o
\Ij([U} Lro (O’T;Slv(Po—Qﬁloﬂlo (Q))) [U]LPO (OvT;Sl,(po*%qovqo (Q))

2 s
+C [U]Lpo (O’T?Sl,(PO*Q)qo’qo(Q» ”g”L7p0_p(g+l) (O,T;LP“O*(Q)) .

By the last inequality, boundedness of f; is achieved.
Similarly, from (3.1) and Theorem 2.5, for all u € Sy, we have the following
estimate

o+ (f2 (u)) = 0o~ (a (2,1, u))

T

://|a(a?,t,u)|a*($’t) dxdt

Q

Po
S CS <00¢ (U) + [U]Lpo (O’T;ély(z’o*%%,qo (Q))> + 047

here C3 = Cj (oﬁ,of,|\a0||LB<I,t)(QT)), Oy = Cu(0g(a0),0a (a1),]Q]) > 0
are constants. That yields fo : LPo <O,T; gl»(PO—Q)QO,QO (Q)) N L) (Qr) —
L @Y (Qr) is bounded. O

(=)
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Lemma 3.5. Under the conditions of Theorem 3.2, f is weakly compact from Sy
into L% (0,T; W14 (Q)) 4+ L @1 (Qr).

Proof. First we verify the weak compactness of fj, where
fo(u) == =>" D (|u|pr2 Diu). Let {um, (z,t)}~_; C So be bounded and

S, . . e}
Um —2 ug. It is sufficient to show a subsequence of {umj}

L (0,T;W ~ 190 (Q B
satisfies fj (um_j) ( — (@) fo (uo) .
Since for a.e. t € (0,T), wum (1) € §1,(p0_2)q0,q0 (), and by existence of an
one-to-one correspondence between the classes (Theorem 2.4)

. € {tm}—y which

S1.0-20n () €5 Wo™ (9)

with the homeomorphism

N

Po—<

o (r) = 727, ol (r) = |7 TR

for all m > 1 we have

[P € 1 (0,75 W3 (2))

is bounded. Due to the fact L% (0, T; Wol’q0 (Q)) is a reflexive space, there exists
OO:1 C {tm},o_, such that

a subsequence {umj }m

L0 (0,15 Wy ()
N

; 3

Po—2
|

o,
Now, we show that £ = \uo\pofz ug. According to compact embedding [33],
(386) 17 (0,581, (pg2)q0.00 () VWP (0,75 W1 () 5 L (Qr)

> o0 LPO(Qr)
3 {um]-k }nlzl - {unbj }mzl ) unij — Uo

which implies
Q
umjk g ()

a.e

by the continuity of ¢ (7), we get

Po—2

Q po—2
‘Umjk Um, i [uo ™ ug

that yields & = |uo|”° ™2 uo.
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From this, we deduce that for each v € LPo (O, T; WyP° (Q))

n Po—2
(o (1, ) b = 0 ([ [ Dr, ) e
=1
— 2 (=Ds ([0l Dia) )y = (fo (wa) v)e
Bt

whence, the result is obtained.
We shall show the weak compactness of f. Since

a:LP (O,T; S, (po—2)d0.a0 (Q)) NLY®D (Qr) — L* ™1 (Qr)

is bounded by Lemma 3.4, then for m > 1, fo(uy) = {a(x,t,un)}_; C
LY @D (Qr). Also L* @Y (Qr) (1 < (a*)” < o0) is a reflexive space thus

{um}pe_, has a subsequence {upm, }:::1 such that

a (l',t,umj) L~ (I_’t\)(QT)

We deduce from the compact embedding (3.6) that

> e LPo(Qr)
- {umfk } 1 = {umj }mzl y Umy, — Uo
m=
thus 0
umjk i UuQ.

Accordingly, the continuity of a (z,t,.) for almost (z,t) € Qr implies that

a(z,t, Um, ) < a(z,t,up),

a.e

L (0,T;W ~ 170 (Q) +La*(m,t)(Q )
so, we arrive at ¥ = a (z,t,uo) i.e. fo(tm; ) ( ©) 2 (o).

Let a1 (z,t,u) := g (z,t) ||[ull o (q) (¢) - kUsing the compact imbedding (3.6) and
p < po, we attain

L9(0,T;W 190 (Q))
—

g ({Zf,t) Humj HSLP(Q) (t) g (x7t) ”uO“zp(Q) (t) .

Therefore, a; is weakly compact from Sy into L% (0, T; W =1 (Q)) + L @8 (Qr) .
As a conclusion, f is weakly compact from Sy into L% (0, T; Wb (Q)) —+
L@ (Qr) . =
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Now, we give the proof of main theorem of this section.

Proof of Theorem 3.2. Since A = Id, obviously it is a linear bounded map and
satisfies the conditions (i) of Theorem 2.6. Furthermore for any u € Wy (Qr)
the following inequalities are valid:

T
/ (u, w)g dt = / A V1
0

and

¢

ou 1 2 1 2
/ <3T7U>er D) [ullz2 (o (1) 2 M§ lul[y-1.00 () () 5
0

a.e. t € [0,T] (constant M > 0 comes from embedding inequality). Thus condition
(iv) of Theorem 2.6 is satisfied as well. Consequently from Lemma 3.3-Lemma
3.5, it follows that the mappings f and A fulfill all the conditions of Theorem 2.6.
Employing this theorem to problem (1.1), we find that (1.1) is solvable in Sy for
any h € L% (0,T; W1 (Q)) + L~ (=) (Qr) satistying the following inequality

T

/(h,u)th:uer < oo

[U]Lpo (O’T"Sql,(pO*Z)qo)qO(Q)) + Hu”La(z’t)(QT) 0

1

sup

where Qg := LPo (0, T, I/Vol’pO (Q)) N LY (Qr). Considering the norm definition
of hin L% (0,T; W% (Q))+ L@ (Q7), we conclude that (1.1) is solvable in Sp

for any h € L% (O,T; W—1ao (Q)) + L @1 (Qr) . In order to complete the proof,
it remains to remark that (1.1) can be written in the form

ou

s = h(z,t) — F(x,t,u, D;u),

and under the conditions of Theorem 3.2, right hand belongs to L% (0, T; W =4 (€2))
which implies du/0t € L% (0,T; W14 (2)) . m|

Remark 3.6. We note that if the function a (z,t) in (3.1) satisfies the inequality
a™ < po then the existence of a solution of the problem (1.1) can be shown under
more general (weaker) conditions. This is verified in the following theorem.

Theorem 3.7. Assume that (3.1) and inequalities 1 < s < po — 1, p < po
are satisfied. If 1 < o= < a(z,t) < at < po, (z,t) € Qr and g €
Lo GTD (0 T, LPo" (Q))7 ag € LA (@1 (Qr), a1 € Lo (@t) (QT) where By (z,t) :=

;:(faa((z tt)) then Vh € L% (0,T; W14 (Q)) problem (1.1) has a generalized solution

in the space LP° (O,T; Sl)(po_g)qquo (Q)) N Whdo (O,T; W—Lao (Q))
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Proof. We deduce from inequality (3.1) that

n T
(f(w),u)g, > //|u|P°*2|Diu\2dxdt 7/\% (2,)] [u|*™") dzdt

=1 Qr

T
/|a1 (x,t)| dxdt — // (z,t) |Hu||Lp () lul dzdt.
Qr 0

For arbitrary € > 0 estimating the second integral above by Young’s inequality and
using LPo (O7T; §17(p0_2)q07q0 (Q)) C LPo (Qr), we attain the following inequality
which gives the coercivity of f,

(f(u),u)g, = Csu ]LPO(OTsl (o 2a0.a0 () - K.

here C5 = C5 (po, |€?], s) and

r=n (6’ laollos .00y s lla1ll o .0 @r) - |9|LW(0,T;MO*<Q))> '

By the embedding

Lre (O’T; élv(po—Q)IIqu (Q)) C LP (QT) C La(w’t) (QT) ,

weak compactness and boundedness of

£ Lpo (o,T; 1 (o200 (Q)) AW (0, T; W10 (Q)) — Lo (0,T; W1 (Q))
follows from Lemma 3.4 and Lemma 3.5. Thus by the virtue of the proof of Theorem
3.2, we get the desired result.

4. Homogeneous Case

In this section, we analyze problem (1.1) in homogeneous case. We establish
sufficient conditions which ensure that problem (1.1) has only trivial solution under
these conditions.

Theorem 4.1. Let conditions of Theorem 3.2 be fulfilled with the following as-
sumptions:

(i) Let h(z,t) =0 and p =2, pg > 2.
(ii) Condition (3.2) is satisfied with az(x,t) = 0.
(iii) The functional ||g||L2q)(t) is bounded for almost every t € R,

then problem (1.1) has only trivial solution.
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Proof. Conditions of Theorem 4.1 provide that (1.1) has a solution in Sy. It follows
from Definition 3.1 that every weak solution satisfies the following relation

1d - - s
5@”““?}(9) +Z/(\U|p° > (Diw)?) dx+/a(x,t,u)udm+/g(x,t) [[ull}2 ) udz =0
i=1Q

Q Q

then we get

n

1d 4
EaHuHiz(m + %Z/ i (|u 2 dz:—i—/ Tt u udac—i—/g x,t) ||u\|L2<Q> udr = 0
=10 Q Q

by using imbedding inequality and condition (ii), we deduce that

sl + o /dex+/gxtwmp@wm<o
Q

employing Holder inequality and condition (iii) to the last term we find that

QﬂHHpm-FQ(/WWWw—KWM$&)

where K > 0 is a constant. From embedding inequality, we obtain

1d

4
9 dt”uHL2(Q) + mﬂuﬁ%(g K||U||f£(19 <0
paelQ 2
whence denoting by y = Hu||L2 () and p =5, we have
Ldy 4w gy <o
2 dt po—2 y y =
pe| 2

by utilizing Young inequality to the last term in the above equation, we attain

1d 4
5(7? +(————— —Ke)y — Ke(e)y <0
poc
where € < 4 =2 from here, we conclude

Kpoclﬂ‘
1dy
2 <K
2 = el

Integrating the last inequality and considering y(0) = 0, we arrive at the desired
result.

O
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