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ABSTRACT. In this paper, we obtain Fekete-Szegd inequalities for certain class of mero-
morphic functions f(z) for which

(1- %)qZqu(Z) + aqzDq [2Dq f(2)]
T - e AR ER0 L 0<a <)

Sharp bounds for the Fekete-Szeg6 functional |a1 — ua%‘ are obtained.

1. Introduction

The theory of g—analysis has important role in many areas of mathematics and
physics, for example, in the areas of ordinary fractional calculus, optimal control
problems, g—difference, g—integral equations and in g—transform analysis (see for
instance [1, 6, 8, 9]). The study of g—calculus has gained momentum years mainly
due to the pioneer work of M. E. H. Ismail et al. [7] in recent years; it was followed
by such works as those by S. Kanas and D. Raducanu [10] and S. Sivasubramanian
and M. Govindaraj [19]. Let ¥ denote the class of meromorphic functions of the
form:

(1) =2+ mt
k=0
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which are analytic in the open punctured unit disc
U*={z:2€Cand0<|z| <1} =TU\{0}.
A function f € ¥ is meromorphic starlike of order g, denoted by ¥*(f), if
R {20
f(2)

The class ¥*(5) was introduced and studied by Pommerenke [16] (see also Miller
[14]). Let ¢(z) be an analytic function with positive real part on U satisfies p(0) =
1 and ¢’(0) > 0 which maps U onto a region starlike with respect to 1 and symmetric
with respect to the real axis. Let ¥*(¢) be the class of functions f(z) € ¥ for which

2f'(2)

- f@)

The class ¥*(p) was introduced and studied by Silverman et al. [18]. The class
¥*(B) is the special case of X*(¢) when p(z) = M (0<B<1). Let A

1—
denote the class of functions f(z) of the form

}>5(0§ﬂ<1;z€U).

< p(z) (z € ).

f)=z+ Zakzk,
k=2

which are analytic in the open unit disc U and let 8§ be the subclass of A consisting
of functions which are analytic and univalent in U. Ma and Minda [13] introduced
and studied the class 8*(¢) which consists of functions f(z) € 8 for which

2f'(2)
f(2)
and the class C(¢) consists of functions f(z) € 8 for which
21"(2)
f'(z)

Following Ma and Minda [13], Shanmugam and Sivasubramanian [17] defined a
more general class M, () consists of functions f(z) € 8 for which

2f'(2) + a2?f"(2)
(I=a)f(2) +azf'(z)
Analogous to the class My (¢), Aouf et al. [4] defined the class F%(p) as follows:

For ac € C\(0, 1], let F% () be the subclass of ¥ consisting of functions f(z) of the
form (1.1) and satisfying the analytic criterion:

@ retr)
0= o)) T azfi(z) <P

<¢(2) (2 €0),

1+

< p(z) (z € ).

< p(2) (a >0).
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For a function f(z) € ¥ given by (1.1) and 0 < ¢ < 1, the g—derivative of a function
f(2) is defined by (see Gasper and Rahman [6])

flgz) — f(2)
(q—1)z

From (1.2), we deduce that D, f(z) for a function f(z) of the form (1.1) is given by

(1.2) D,f(z) = it z € U™

1 i _
D,f(z) = — = + Z[k‘]q apz"t (2 #0),
q k=0
where .
1—4q
[’L]q = 1 —q .

As ¢ — 17, [k]y — k, we have

lim D,f(z) = f'(2).

q—1-
Making use of the g—derivative D,, we introduce the subclass F ,(¢) as follows:

For a € C\(0,1], 0 < ¢ < 1, a function f(z) € ¥ is said to be in the class T a(0),
if and only if

(1- %)QZqu(Z) +aqzDy [2Dy f(2)]
G A @ e P EED

We note that:
(i) lim F7 ,(¢) = F5(p) (see Aouf et al. [4]);
g—1— 7

(i) lim F () = Z*(¢) (see Silverman et al. [18] and Ali and Ravichandran

—Z

) =F*(1) = F* (see Aouf [3, with b = 1]);

(iv) lim 37, (H(l_26)2> =%*(8) (0 < B < 1) (see Pommerenke [16]);

q—1- 7 1—=2

. 1+ 8(1—2yn)z 1
* — < < —<~v<

(v) qgr{lﬁ"q,o ( 1530272 X, 8,7 (0<n<1,0<f<1 5 <y<1)

(see Kulkarni and Joshi [12]);

1+ A

vi) lim = Ki(A4, 0 < <1, —-B < < see

lim F7, (22 Ki(A,B B B < A< B

g1 19\ 1+ Bz
Karunakaran [11]).
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2. Fekete-Szego Problem
To prove our results, we need the following lemmas.

Lemma 1.([13]) If p(2) = 1 + c12 + ca2? + - is a function with positive real part
in U and p is a complex number, then

|co — pef| < 2max{1; [2u — 1]}

The result is sharp for the functions given by

p(z) = 1_.2

Lemma 2.([13]) If p1(2) = 1+ c12 + c22% + ... is a function with positive real part
in U, then
—4v +2 if v <0,
‘CQ—VCﬂS 2 if0<v <1,
4 —2 ifv>1.

1
When v < 0 or v > 1, the equality holds if and only if p1(z) = 1 te or one of its
—z
1 2
rotations. If 0 < v < 1, then the equality holds if and only if p1(z) = % or one
—z
of its rotations. If v =0, the equality holds if and only if

1 A\ 14z 1 A\ 1-=z
_(1.2 A <A<1
pi(2) (2+2>1—z+(2 2>1+Z(0_)\_ )
or one of its rotations. If v = 1, the equality holds if and only if
1 1 A\ 1+=z 1 A\1-=z
==+ = - — = 0<A<1
1 (2) <2+2>1—z+(2 2>1+z( sAisl),

or one of its rotations. Also the above upper bound is sharp and it can be improved
as follows when 0 < v <1:

1
|62—ch’—|—1/|cl|2§2 <O<y§2>,

and

1
’cz—yc%’+(l—y)|cl|2§2 <2<1/<1>.

Unless otherwise mentioned, we assume throughout this paper that o € C\(0, 1]
and 0 < g < 1.
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Theorem 1. Let ¢(z) = 1+ Byz + Ba2? + ... If f(2) given by (1.1) belongs to the
class F; ,(p) and p is a complex number, then

. , (q —2a) B
(21) (i) |1 — pag| < 1+q’(qa+aq)

" max{L % B {1_#@_2@) (q(q—_aO;Qaq) (q+1)] B,

} (B1#0),
and

) 1 | (¢—2a)B;
(22) (i) “1|§1+q‘(qa+0@

(B, = 0).

The result is sharp.

Proof. If f(z) € FX(p), then there is a Schwarz function w(z) in U with w(0) = 0
and |w(z)| < 1in U and such that

(1 = 2)g2D, () + 2D, [:D,f(2)]
23) e N O

Define the function p;(z) by

14 w(z)

= Y =14zt + ...
1= w(z) +c1z+cez” +

(2.4) p1(2)

Since w(z) is a Schwarz function, we see that R {p1(z)} > 0 and p;(0) = 1. Define

(1= 9)azDqf(2) + aqzDy [2Dy f(2)]
(1= 2)/(2) + 2Dy [ (7)

In view of (2.3), (2.4) and (2.5), we have

(2.6) pe) = ¢ (W) .

(2.5) p(z) = — =14+biz+bo2? + ...

Since
pi(z) — 1 _ 1 o ﬁ 2 ﬁ o 3
p71(2)+1_2 c1z+ | c2 9 2%+ 63+4 cicy | 27+ .| .
Therefore, we have

(?W)—l

p1(z) +1

ci

1 1 1
) =1+ §Blclz + [2B1 (02 — 2) + 4320%} 22+ .

and from this equation and (2.6), we obtain

1
by = §B1C1,
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and

1 c?
b2 = §B1 <CQ — 2) + BQCl.

Then, from (2.5) and (1.1), we see that

q—«
by = —
1 <q_2a>a07

bo— (42 ? 5, (a+1)(g—a+ag)
2 = ag —
q — 2« q— 2«

and

ag,

or, equivalently, we have

q — 2«
2. - _
@7) w0 <q—a>’
and
el SO e
2.8 = — 1-—+B .
(28) YT At —atrag |72 B
Therefore ( %) B
2 q—2a) By 2
o = g (v
where
1 By @—2aﬂq—a+a®(m+DBl
2. 1-224B .
(29) T2 BlJr b (@ —)?

Now, the result (2.1) follows by an application of Lemma 1. Also, if B; = 0, then

(¢ — 2a) Boc}
41+q)(¢g—a+aq)

ap=0and a; = —

Since p(z) has positive real part, |c;| < 2 (see Nehari [15]), so that

0] < 1 ‘(QQO&)BQ
“1+4q|(g—a+aq)|’

this proving (2.2). The result is sharp for the functions

- (1— %)quqf(z) +aqzDq [D, f(2)] _ (22)
T i@ taD ) 20

and
_ (1- %)QZqu(Z) +aqzDy [Def(2)]

~ = p(z2).
(1= 2)7() T 02D,/ (2) )
This completes the proof of Theorem 1. O
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Remark 1.

(i) For ¢ — 17 in Theorem 1, we obtain the result obtained by Aouf et al. [4,
Theorem 2.1];

(ii) For ¢ — 17 and o = 0 in Theorem 1, we obtain the result obtained by
Silverman et al. [18, Theorem 2.1].

By using Lemma 2, we can obtain the following theorem.

Theorem 2. Let o(z) = 1+ Bz + By2? + ... (B >0,i€{l],2},0<a< 1+q)

If f(2) given by (1.1) belongs to the class I} (), then
(2.10)

(4—20)B? [4—a(4+a)](1+q)(g—20)
(o) (a—atad) { B2+ [1 T ] } ifp <o,

(g—2a)B;

lar — pad| < if o1 < p < o2,

(+a)(g—ataq)
e (R L IR
where
(g — a)? [—Bl — By + Bf] (g — a)? (Bl — By + B%)
N -t a-ata) A+ 0B P T m 2 G—atag 0+ B

The result is sharp. Further, let

(¢ —a)* [—By + Bi
(¢ —2a) (¢ — o+ aq) (14 q) B}

03 =

(i) If o1 < pu < o3, then

(¢ —a)?

(¢ —20) (¢ — a+aq) (1+q)B?

R R L R AT

(2.11) a1 — pag| +

(¢ —2a)By
T (49 (g-atag)

(ii) If o3 < u < 09, then

(¢ —a)?
(q—2a) (¢ — a+aq) (1 +q)B?

x {(B1 ~ By + [1 ) (qq_(ff)o(é‘)l; at O‘Q)} B%’} jao|?

(2.12) |ay — pag| +

(¢ — 20) By
T (49 (g-atag)




314 M. K. Aouf and H. Orhan

Proof. First, let u < 01. Then
(¢ —2a) By { By { la—a(l+g)](1+q) (q—Za)] }
2 - B
I+q)g—atay \ B | " a(1 - 0)? :
(¢ — 20) B { { [qfoz(1+q)}(1+q)(q72a)] 2}
< —By+ [1— Bl ;.
S (+g@—atag | 7 a q(1—a)? '
Let, now 01 < pu < 03. Then, using the above calculations, we obtain
| < (q —2a) By
T (1449 (¢—a+ag)

o] < ¢

2
|a1 — kag

Finally, if g > o9, then
(¢ —2a) By By [,  lg—a(l+qg)](1l+4q)(q—2a)
1+4q)(¢—a+aq) {31 {1 : q(1 —a)? }Bl}
(¢ —2a) BY [y la—a+9](14+4q)(¢—2a)] 2
*(1+q)<q—a+aq>{32 [1 8 Gl —a) }B}

To show that the bounds are sharp, we define the functions K, (n > 2) by

] <

(1— %)ququm(Z) + aqzDg [2DgK o (2)] _ n—1
- (1= §)Kpn(2) + azDgKpn(2) —AE

ZQKL’O”(Z) |Z:O: 0= _zQK:on(Z) |z:0 -1,
and the functions F, and G, (0 <y <1) by

_ (1= )azDgF(2) + aqzDy [2DgFy(2)] (Z(Zw)
(1— %)Fv(z) + azD F,(z) N l+vz )’

22Fy(2) |2=0= 0 = =2*F}(2) |.=0 —1,

and
(1= 9)g2DyG(2) + aqzDy [2DyG5 (2)] (_ #z+7) >
(1= 9)Gy(2) + 02DyG,(2) 1+~z )’
22G(2) |amo= 0 = —22G"(2) |sz0 —1.
Cleary the functions K,,, I, and G, € 7}  (¢). Also we write K, = K,o.

If

i < o1 or j > o9, then the equality holds if and only if f(z) is K, or one of its
rotations. When o1 < p < 09, then the equality holds if f(z) is K 3 or one of its
rotations. If p = o1, then the equality holds if and only if f(z) is F, or one of its
rotations. If u = o9, then the equality holds if and only if f(2) is G, or one of its

rotations. This completes the proof of Theorem 2.
Remark 2.

(i) For ¢ — 17 in Theorem 2, we obtain the result obtained by Aouf et al.
Theorem 2];

O

(4,
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(ii) Putting ¢ — 1~ and a = 0 in Theorem 2, we obtain the result obtained by
Ali and Ravichandran [2, Theorem 5.1].

3. Applications to Functions Defined by g—Bessel Function

We recall some definitions of g—calculus which we will be used in our paper.
For any complex number «, the g—shifted factorials are defined by

n—1

(3.1) (@59), =1 (a59), = [[ (1 —ad") (neN={1,2,..}).

k=0

If || < 1, the definition (3.1) remains meaningful for n = co as a convergent infinite
product

oo

H 1faq

In terms of the analogue of the gamma function

_Tylatn)(1-g)"

< >0
(™ 9), T.(a) (n>0),
where the g—gamma function is defined by
. o 1— 11—z
T, (2) = (4:9)o(1 — g) 0<qg<1)

(4% 90) 0
We note that

where
@, = {1 if n =0,
Y=L ala+ D)(a+2)..(a+n—1) if neN.

Now, consider the g—analoge of Bessel fnction defined by (Jackson [8])

. > _1)k ZQku
.’Q)“Z ) Or (5) ’ (0<g<1).

30 (29) = (4 (q GG

Also, let us define

2"(¢; ¢)oo
Lo(zq) = (qu+1; Dol q)vzv/mﬂg}) (21/2(1 - Q);q)
k+1 2(k+1)
_ }+ (=D)**(1 —q) (e,

z = AR (g5 (40 @k

315
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By using the Hadamard product (or convolution), we define the linear operator
Lgw:X = X, as follows:

(Lawf)(2) = Lolziq) * f(2)
_ 1 N [e%s) (71)k+1(1 _ q)Q(k?+1) aka.
2 = A (g5q) 1 (0 @it

As ¢ — 17, the linear operator £, . reduces to the operator £, introduced and
studied by Aouf et al. [5]. For 0 < ¢ < 1 and a € C\(0,1], let F; , (¢) be the
subclass of ¥ consisting of functions f(z) of the form (1.1) and satisfies the analytic

criterion:

(1- )qZDq(Lq,vf) + aqzDy [Dq(Lq,vf)]

L= %)(Lq,vf) + azDy(Lqwf)

5( < o(2) (2 € V).

Using similar arguments to those in the proof of the above theorems, we obtain the
following theorems.

Theorem 3. Let p(z) = 1+ Bz + Baz? +---. If f(2) given by (1.1) belongs to
the class F; ., ,(¢) and p is a complex number, then

q,o,v
. ud? 4%(1 — ¢"™) (1 — ¢""?) | B1 (g — 20)
B far = pao| < (1-¢q)? q+aq—a
B (g—2a) (1 —¢"*") (¢ — a4 aq)
Xmax{l, E_ |:1—H (1—q"2)(q — a)? :|Bl‘} (B1#0),
. 421 —¢"™)(1 = ¢""?) | B2 (¢ — 20) B
(i) Jaa| < 1= q)p2 PEp— (B1 =0).

The result is sharp.

Theorem 4. Let p(z) = 1+ Biz+ Bez? +...,(B; > 0, i € {1,2}, a > 0). If
f(z) given by (1.1) belongs to the class F% , (), then

q,%,v

(1 -¢""(A —¢""?) (¢ — 20) B
1-92(q+ag—a)

) ) <

221-¢""1-¢"")g—alg+1)] B
q(1—q)?

421—¢""(1—¢"") [g— al(g+1)]
N a0 ) )
q—2a)(1—¢""™") (¢g—a+aq
X{Bz‘{l‘“ (I—¢"")(q—a)?

a1l f,ua?) <

ifor <p <o,

}Bf} ifu> ol
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where
o (4= (1= ¢""2) [-B1 - By + Bf]
' (g—20)(¢g—a+aq)(1—qvt)BE
and
ok — (¢ —a)*(1 —¢"*?) [B) — By + Bi]
e

(¢—2a) (¢ - a+aq)(1—g¢"t)B}
The result is sharp. Further, let

(q— @)*(1 — ¢™2) [-By + B}
(q—20)(q—a+aq)(1—q t1)B}

*_
03 =

(i) If o7 < pu < 03, then

(1-¢""*)(q— @)?
q—2a)(q—a+aq)(1—q"t")B}
(@—-20)(1—¢""H(A—¢"**) (g—ataq) ]| gl
QB+ 0= 9~ 1 Bt o
4% (g —20) (1 —¢""H)(1 — ¢""*)By
(1-9)%(q—a+aq) '

’al _Ma(%‘ + (

<

(i) If 05 < 1 < o5, then

(1—-¢""*)(q — @)?
q—2a)(q—a+aq) (1 —qt)B}

B @200 (1 =g —¢"*?) (g—ataq)] po) |
X%& B”*P g 0= (g — )P }&}0
42 (g —2a) (1 —¢"tH)(1 = ¢"") By

(1-¢)2(q—a+aq) '

’al —ﬂa%‘ + (
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